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Abstract

The global cryosphere encompasses snow and ice in all its forms in the natural environment,
including glaciers and ice sheets, sea ice, lake and river ice, permafrost, seasonal snow, and
ice crystals in the atmosphere. Cryospheric models are mathematical and numerical descrip-
tions of these components of the Earth system, designed to simulate snow and ice processes
and feedbacks in the context of the global climate system. This entry covers all forms of ice
except ice crystals in the atmosphere, which are more appropriately combined with clouds
and appear in encyclopedia entry “Cloud Albedo Enhancement for Solar Radiation Man-
agement” and “Cloud System Models”. We focus on models that are appropriate for global
climate modeling. There are regional climate modeling applications that include some of the
cryospheric components discussed here as well.
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Glossary

Ablation. Snow and ice removed from an ice mass via meltwater runoff, sublimation, wind
scour, or glacial calving (mechanical fracturing and separation).

Accretion. Increase in ice mass by basal growth in the case of floating ice, the compression
of snow into ice, or freezing of water that has pooled on the ice or percolated into snow
from rain, meltwater, or flooding of sea/lake/river water.
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Accumulation. Snow and ice added to an ice mass via snowfall, frost deposition, rainfall
that freezes on/in the ice mass, refrozen meltwater, wind-blown snow deposition, and
avalanching.

Mass Balance. The overall gain or loss of mass for a component of the cryosphere over a
specified time interval, typically one year. This can be expressed as a rate of change
of mass (kg yr−1), ice volume (m3 yr−1), or water-equivalent volume (m3 w.eq. yr−1).
It is also common to express this as the area-averaged rate of change or the specific
mass balance rate, with units of kg m−2 yr−1 or m w.eq. yr−1.

Glacier. A perennial terrestrial ice mass that shows evidence of motion/deformation under
gravity.

Grounding Line. The transition zone between grounded and floating ice.

Ice Sheet. A large (i.e., continental-scale) dome of glacier ice that overwhelms the local
bedrock topography, with the ice flow direction governed by the shape of the ice cap
itself.

Icefield. A sheet of glacier ice in an alpine environment in which the ice is not thick enough
to overwhelm the local bedrock topography, but is draped over and around it; glacier
flow directions in an icefield are dictated by the bed topography.

Ice Shelf. Glacier ice that has flowed into an ocean or lake and is floating, no longer sup-
ported by the bed.

Lake/River Ice. Floating ice on rivers or lakes, usually freshwater ice.

Permafrost. Perennially frozen ground, technically defined as ground that is at or below
0◦C for at least two years.

Soil Ice. Ice in permafrost.

Sea Ice. Floating ice from frozen seawater.

Snow. Ice-crystal precipitation that accumulates on the surface.

1 Definition of Subject

The global cryosphere encompasses snow and ice in all its forms in the natural environment,
including glaciers and ice sheets, sea ice, lake and river ice, permafrost, seasonal snow, and ice
crystals in the atmosphere. Cryospheric models are mathematical and numerical descriptions
of these components of the Earth system, designed to simulate snow and ice processes and
feedbacks in the context of the global climate system. This entry covers all forms of ice except
ice crystals in the atmosphere, which are more appropriately combined with clouds and
appear in encylopedia entries “Cloud Albedo Enhancement for Solar Radiation Management”
and “Cloud System Modeling”.
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The cryosphere is critical to understanding global climate change owing to its control on
Earth’s surface reflectivity. In addition, storage of freshwater by the cryosphere and exchange
of freshwater between the cryosphere and ocean are fundamental to ocean circulation and
sea level rise. Sea ice and snow insulate the underlying surface and usually allow lower
atmospheric temperatures than snow and ice environments. Biogeochemical cycles in sea ice
and permafrost influence carbon dioxide and methane concentrations in the atmosphere, and
sea ice hosts organisms and nutrients important to marine ecosystems. Modeling cryosphere-
climate interactions generally requires modeling the mass balance of ice on Earth and the
key features of ice that interact with the climate system.

Perennial ice covers 10.8% of Earth’s land, with most of this ice area in the great polar
ice sheets in Greenland and Antarctica. Smaller glaciers and icefields are numerous — the
global population is estimated at 160,000 — but these ice masses cover less than 1% of the
landscape. An additional 15.4% of Earth’s land surface is covered by permafrost: frozen
ground that ranges from a few meters to 100s of metres deep.

In contrast to this permanent land ice, seasonal snow and ice fluctuate dramatically. Snow
cover is the largest-varying element of the cryosphere, with complete summer loss of this
snow everywhere on Earth except over Antarctica, the interior of Greenland, and in the
accumulation areas of other high-altitude and polar ice caps. In winter, the northern hemi-
sphere snow cover reaches an average maximum extent of 45.2×106 km [1], based on data
from 1966-2004). This amounts to 49% of the Northern Hemisphere land mass. Because
the southern hemisphere continents are situated at lower latitudes (excepting Antarctica),
southern snow cover is less extensive, with the seasonal snow cover estimated at 1.2×106 km.
This combines with the permanent blanket of snow over Antarctica to give a peak southern
hemisphere terrestrial snow cover of 15.0×106 km.

Relative to the snowpack, seasonal sea ice cycles are more hemispherically symmetric, al-
though there are interesting north-south contrasts. Based on passive microwave remote
sensing for the period 1979-2010, the average minimum Northern Hemisphere sea ice area is
4.4×106 km, typically reached in September [2]. Maximum ice cover is usually attained in
March, with an average area of 13.1×10610km. The annual average Northern Hemisphere
sea-ice area is 9.4×106 km. The Southern Hemisphere sea ice has a larger seasonal cycle,
with relatively little multiyear ice. Annual mean sea ice cover in the south is 8.7 ×106 km,
varying from 1.9×106 km (February) to 14.5×106 km (September).

2 Introduction

The early energy-balance modelers of the 1960s who investigated global climate recognized
the importance of the high albedo of ice in the climate system [3, 4]. Their models pa-
rameterized snow and ice albedo by varying the land or ocean surface albedo with surface
temperature, but no other physical characteristics of ice, such as its ability to insulate or
store energy and freshwater, was simulated. When subject to climate forcing, such as a
perturbation to the solar constants, the models nonetheless exhibited an amplification of
temperature change in the high latitudes — a phenomena widely known as polar amplifica-
tion. The albedo difference between ice-covered and ice-free regions determined the strength
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of the polar amplification. Today we know ice-albedo feedback is only one of many important
ways that ice and snow contribute to the climate system.

The next progression in ice modeling among global climate models was to include the major
elements of the mass balance of snow on land [5] and sea ice [6], both implemented in the
Geophysical Fluid Dynamics Laboratory (GFDL) in 1969. Yet the GFDL model and all
other climate model for several more decades had no ice dynamics, continued to treat ice
sheets as shallow snow fields with prescribed representative topography, and ignored soil ice
altogether. The more advanced aspects of cryosphere modeling evolved in parallel with, but
independent of global climate models.

In the 1950s, John Nye [7, 8] laid the theoretical foundations for glacier models, through the
elucidation of the essential physics as well as several well-judged simplifications that permit
analytical solutions. Theoretical and laboratory analyses by a contemporary materials scien-
tist, John Glen, led to the understanding that glacier ice deforms as a nonlinear viscous fluid.
Glen established a constitutive relation for the rheology of glacier ice that endures to this
day [9, 10]. Combined with the conservation equations for mass, momentum, and energy,
this provides the basis for modeling glaciers and ice sheets. By the late 1960s and 1970s,
emerging computer power presented the opportunity to develop numerical models of glaciers
[11, 12, 13]. Model development through the 1980s largely focused on regional simulations
[14] and ice flow in different regimes, such as ice shelves and ice streams [15, 16].

In the late 1980s Philippe Huybrechts developed the first pragmatic, operational 3D ther-
momechanical ice sheet model [17, 18]. This model has been applied extensively to the
Greenland and Antarctic Ice Sheets, helping to understand their past and present evolution
e.g., [19, 20, 21, 22]. The Huybrechts model also underpins the projections of ice sheet
response to climate change in the IPCC reports. Similar models have now been developed
in several research groups, and intercomparison exercises have been carried out to evaluate
model strengths and weaknesses [23, 24].

A few global climate models have incorporated a Huybrechts-type ice sheet model such
that changes to the global climate can interact with the shape and extent of ice sheets in
Greenland and Antarctica. The interaction occurs through changes in surface albedo as the
ice sheet retreats or advances over bare soil, elevation-temperature feedbacks, and through
changes in the atmospheric and oceanic circulation [21, 25, 26, 27].

The low-order glacier models implemented in global climate models to date are based on
a simplified representation for ice sheet flow (see section 4), which is not well-suited to ice
shelves, ice streams, and ice sheet margins. Because these features of ice sheets are known
to be changing rapidly, current development efforts are focusing on higher-order solutions of
ice dynamics [28, 29, 30, 31, 32]. Models of valley glacier dynamics have followed a similar
evolution from simplified representations of ice dynamics, e.g.[33], to recent simulations that
include a more complete representation of the glacier stress and strain regime [34, 35, 36,
37, 38]. Parallel to this recent effort are formal, community-scale programs to couple more
sophisticated, high-resolution ice sheet models into global climate models [39], although
fully-coupled efforts with global climate models are still in their infancy.

The development of sea ice models took a rather different path than glacial models. Model
development began later, but the methods, albeit often simplified, migrated more quickly
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into global climate models. Today the lag between developing new sea ice model physics and
implementing them in global climate models is often only a few years.

The first sea ice rheology was proposed in the 1970s, roughly two decades after the glacier
rheology proposed by Nye and Glen. Initially a plastic rheology was put forward as a way
to produce deformation (ridging and rafting) for the Arctic Ice Dynamics Joint Experiment
(AIDJEX) model spearheaded by Max Coon [40]. Models attempting to treat ice as a
plastic were only appropriate for local-scale problems of a few weeks to a month duration
and could not be used to investigate ice-climate interactions owing to their inherent numerical
complexity [41]. In the late 1970s, William Hibler proposed a nonlinear viscous plastic (VP)
rheology — a simplification motivated on physical grounds [42]. In a 1979 landmark paper,
Hibler applied his sea ice model to the whole Arctic Ocean basin and ran an 8-year simulation
[43]. The AIDJEX and Hibler sea ice dynamics remains the foundation of modern sea ice
models.

A sub-grid scale parameterization of the variety of sea ice thicknesses that are found in
a typical model grid box, known as an ice-thickness distribution (ITD), was developed by
Alan Thorndike and colleagues [44] and implemented by Hibler at the basin-scale in 1980
[43]. Modeling the intricacies of sea ice thermodynamics to account for the thermal inertia
of brine-pocket physics was developed slightly earlier by Norbert Untersteiner and Gary
Maykut [45, 46], but it was only implemented in 1D until the present decade.

The first global climate models treated sea ice as a uniform slab without leads (openings
among floes), melt ponds, or brine pockets, based on the simplifications proposed by Albert
Semtner [47]. If the sea ice moved at all, it was advected with the surface currents — in
what is known as “free drift”. Once the sea ice thickness reached some threshold (4 m was
common) it was then held motionless to prevent the sea ice from building to excess in regions
of convergence [48, 49, 50].

It wasn’t until Flato and Hibler [51] simplified the VP model by treating sea ice as a cavitating
fluid (CF) that global climate modelers attempted to implement sea ice dynamics with a
constitutive law. However, the lack of shear strength in the CF model degraded the accuracy
of the simulation compared to the VP model. Soon after Hunke and Ducowicz [52] developed
a technique of treating sea ice as an elastic-viscous-plastic (EVP) material — a numerical
approximation to the VP model that asymptotes to the full VP solution and yet is efficient,
highly parallelizable, and offers flexible grid choices. Zhang and Hibler [53] followed suit by
making the VP numerics more efficient and parallelizable. These new dynamical schemes
ushered in a time of rapid improvement in the sea ice dynamics in climate models, and now
EVP and VP dynamics are in wide use among climate models. Thermodynamic advances in
global climate models has been slower. The use of an ITD and brine-pocket physics has only
been recent in climate models [54, 55]. Melt pond parameterizations and radiative transfer
that includes scattering have only been developed in one dimension and are in the early
stages of production runs in the next generation of models.

Snow and permafrost models used for one and two-dimensional applications also progressed
significantly before their developments were brought into climate models, e.g., [56, 57, 58].
Permafrost models are typically based on one-dimensional thermal diffusion in the upper
2 km of the Earth surface, consisting of bedrock, sediments, and soils. Where temperatures
are below freezing, ground ice occupies pore space and fractures in the rock. A freezing front
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propagates to a depth that is limited by the geothermal heat flux. Permafrost models simu-
late the aggradation or degradation of permafrost, based on mean annual surface (ground)
temperatures and subject to geothermal heat flux from below. Detailed near-surface models
can be added to simulate the seasonal melting/freezing of the surface active layer. In reality
more complex thermodynamic and hydrological processes are involved in permafrost dynam-
ics. For instance, water flow can advect heat and there are 3D thermal effects associated
with horizontal gradients in surface temperature, arising from variable surface vegetation,
micro-topography, snow cover, and surface lakes. In addition, freezing of subsurface water
is not always limited to the pore space; ice can accrue as “massive ice” deposits (e.g., ice
lenses) through migration of water to the interstices of soils and sediments, driven by low
capillary pressures. Simple permafrost models, as used in climate models, typically neglect
these processes and focus on large-scale predictions of permafrost depth and 1D ground
temperature structure.

For snow models the chief physical processes that prove challenging to model are snow aging
and grain size evolution influences on the albedo and density; liquid water infiltration and
storage; snow blowing, redistribution, and collection by vegetation; and active layer depth
dynamics. Many global climate models have developed terrestrial snow schemes to treat all
but snow redistribution in the last few decades because these processes have a major impact
on surface albedo, surface hydrology, and soil carbon storage [59, 60, 61, 62, 63, 64]. Sub-
gridscale snow distribution models exist [65] but have yet to be implemented in any global
climate model that we are aware of. Models of snow on sea ice tend to be more primitive
because transporting every variable that describes the snow is necessary and expensive.

In subsequent sections we describe the equations and methods used to model the cryosphere,
followed by a brief outlook of future directions and priorities in cryospheric modeling. Com-
ponents of the cryosphere are grouped into four types based on common characteristics and
physics: Land ice refers to ice above the soil/bedrock (e.g., glaciers and ice sheets) and
ice shelves; floating ice refers to river, lake, or sea ice; frozen soil includes permafrost and
seasonally frozen soil; and finally snow, which may overly land ice, floating ice, or soil.
The underlying equations for the dynamics of land and floating ice are rooted in a blend
of continuum mechanics and fluid dynamics, but there are significant differences in their
implementation, justifying separate descriptions. In contrast, thermodynamics cuts across
all aspects of the cryosphere, and much about it can be described more generally.

3 Thermodynamics of the Cryosphere

Conservation of energy

The governing equation for the thermodynamics of the cryosphere is conservation of energy:

Dq

Dt
+ ∇ · (uνφqν) = −∇ · (k∇T ) + Qsw + Φ (1)

which is written in terms of an enthalpy (q) for ice, snow, or mixed soil and ice, where q
is expressed in units of J m−3, φ is the void (or pore) fraction within the solid where liquid
water/vapor may exist, uν is the velocity of liquid water/vapor moving in the voids, T is
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temperature in the solid and voids, qν is the enthalpy of liquid water/vapor in the voids,
k is the conductivity in solids and voids, Qsw is the absorption of shortwave radiation over
a finite thickness of the ice (W m−3), which is assumed to be significant only in ice, and Φ
is the strain heat production due to deformation work (significant for glaciers). The first
term is a Lagrangian derivative of the heat required to raise the temperature and change the
phase between solid and liquid. It is Lagrangian to account for the horizontal advection of
heat in moving land and floating ice (see sections 4 and 5). The second term represents heat
transport due to liquid water or vapor transport in the voids, and the third term is diffusion
of heat in both solid and voids. In models of practical use today, vertical gradients in the
enthalpy are far greater than those in the horizontal, therefore the horizontal diffusion and
horizontal liquid/vapor transport in the pore space are generally neglected.

The enthalpy can be written to a good approximation

q = ci(T − To) + Lo(1 − φ) (2)

where ci is the volumetric specific heat of ice or snow (or the ice and soil combination for
permafrost), Lo is the volumetric latent heat of fusion for ice or snow, and φ is the fraction
of the volume that is not composed of ice. This includes air- and liquid-filled pore space in
the volume, and in frozen ground it also includes the soil or rock matrix. Modern models of
snow and frozen soil may allow liquid water to infiltrate and possibly supercool, and therefore
additional equations are needed to describe liquid infiltration and the conversion of liquid
to ice and vice versa. Such equations may be devised such that the second term in Eq. (2)
is not needed. The reader may refer to the Community Land Model, CLM version 4 for a
description of one possible model of snow and frozen soil that is designed for a global climate
model but is relatively complete [66].

The boundary conditions of Eq. (1) depend on the cryosphere component and possibly the
climatic conditions. First consider the special case of floating ice where the basal temperature
is always assumed to be at Tf . In these materials, the bottom boundary of Eq. (1) has a
temperature boundary condition, and the net flux into the surface excluding the conductive
flux in the ice is equal to the heat flux from the water below: F |bottom = FW (fluxes are
taken as positive towards the surface). In contrast, the base of land ice and the lowest point
considered in a soil or snowpack model are generally not at the freezing point, in which
case Eq. (1) has a flux boundary condition at the base equal to the geothermal heat flux:
F |bottom = FG. At the top surface of ice or snow, one must test if the net flux into the top
surface can balance the conductive flux (taking z as positive down):

F (T )|top = k
∂T

∂z

∣

∣

∣

∣

top

,

for a surface temperature below the freezing point (T < Tf ). If so, then a flux boundary
condition is used at that surface in Eq. (1). If the surface temperature is at or above the
freezing point, then a temperature boundary condition is used at that surface in Eq. (1) with
T = Tf .
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Conservation of mass

Models of land ice, floating ice, and snow usually employ a fixed number of layers and
therefore layer thicknesses vary in time. This so-called moving boundary method requires a
Stefan condition to describe ablation, accretion, and accumulation. The rate of change of
the top surface position (zo) for snow or ice is

q
dzo

dt
= F (T )|top − k

∂T

∂z

∣

∣

∣

∣

top

− Sfall + δ (3)

for zo positive down, where Sfall is falling snow, and δ is from snow densification, snow to
ice conversion, snow redistribution, etc. The rate of change of the bottom surface position
(zb) for ice is

q
dzb

dt
= − F (T )|bottom − k

∂T

∂z

∣

∣

∣

∣

bottom

(4)

for zb positive down. Land and floating ice must also take into account the horizontal
transport of ice, which is described in sections 4 and 5.

Surface energy balance, radiation, surface albedo, and melt ponds

The net flux entering the top surface of land and floating ice, soil, or snow is a sum of
radiative and turbulent heat fluxes:

F (T )|top = Fr(1 − α) − I0 + FL − ǫσT 4 + Fs + Fe, (5)

where Fr(1−α) is the net downward solar irradiance above the top surface, α is the surface
albedo, Io is the solar irradiance that penetrates the top surface, FL is the downward longwave
irradiance, ǫσT 4 is the upward longwave irradiance (for T in Kelvin), ǫ is the emissivity, σ is
the Stefan-Boltzmann constant, Fs and Fe are the downward sensible and latent heat fluxes,
respectively.

In many ice and snow models, the surface albedo is a function of various quantities such
as temperature, snow grain size, snow age, impurities, snow depth, ice thickness, and melt
pond coverage. Often shortwaver radiation is absorbed in the ice interior based on Beer’s
law, although Beer’s law is inappropriate in materials with depth dependent surface albedo
parameterizations. Usually the temperature dependence of the surface albedo is a proxy for
modeling melt pond, grain size, and/or surface scattering characteristics. These relatively
crude methods are being revamped considerably in models at this time.

A better way is to design a highly interdependent set of physics for radiative transfer, pond-
ing, and liquid infiltration. Ideally one would have radiative transfer account for multiple-
scattering and be based on intrinsic optical properties that vary with impurity concentrations,
snow grain size, ice bubbles, and brine pockets. Ponds would accumulate water above sea
level when there is insufficient hydraulic connectivity to drain meltwater, and they would
accumulate below sea level when the hydraulic connectivity is high enough to allow liquid
water to rise up from below and flood the surface.
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Influence of salts and other impurities

Dissolved impurities such as salts in the pore water depress the freezing point. For ice to
remain in local thermodynamic equilibrium, the pore water is always at the freezing point
and freezing or melting must occur at the pore-ice interface to dilute or concentrate the
solute. If we assume for simplicity that the voids are completely filled with liquid, then the
void fraction is a function of temperature and the bulk solute concentration. The solute
concentration in the voids, assuming freezing expells the solute completely into the voids, is
a function of temperature according to the liquidus relation from the phase diagram of the
binary material (ice plus solute). A few global climate models today have sea ice models that
allow for such pore-ice interchange (also known as brine pocket physics in sea ice) [54, 55].
However, these models assume the bulk solute concentration is fixed in time, and hence, they
neglect the heat and solute transport in the voids. These simplifications made it possible
for the first step, but they cannot capture the important structural evolution of young sea
ice or rapidly changing permafrost. These processes should not be neglected in models that
aim to model biogeochemistry in the polar regions.

4 Land Ice Dynamics

Glaciers are perennial ice masses that are large enough to experience gravitational defor-
mation: the flow of ice under its own weight. Glaciers and ice sheets nucleate where snow
accumulation exceeds snow and ice ablation over a period of many years or decades. With
time, the accumulated snow is buried and compressed, metamorphosing into firn and then
glacier ice. Ice behaves as a nonlinear, visco-plastic fluid; once the ice thickness is sufficient,
internal gravitational stresses cause the ice to deform.

Snow accumulation is primarily meteoric (derived from atmospheric precipitation), but snow
can also accumulate at a site through wind deposition or avalanching. Ablation refers to the
loss of snow and ice through melting, sublimation, wind erosion, or calving, a process where
slabs of ice at the glacier margin mechanically fracture and detach from the main ice mass.
Iceberg calving is a very effective ablation mechanism for glacier and ice sheets that are in
contact with the ocean. Melting occurs at the glacier surface — the ice-atmosphere interface
— but there is also melting internally (englacially), at the glacier bed (subglacially), and on
vertical ice cliffs that are common at the ice margin, particularly where glaciers reach the
sea and a large area of ice can be in contact with water. Melting only leads to ablation in
the case where meltwater runs off and is removed from the system; some surface meltwater
in the upper regions of glaciers and ice sheets percolates into the snowpack or ponds at the
surface, where it can refreeze.

A glacier’s mass balance is determined by the net accumulation minus ablation over a specific
time period, typically one year. This can be expressed as a total balance (kg yr−1 or m3 yr−1

water-equivalent for the entire glacier) or a specific balance, per unit-area of the glacier
(kg m−2 yr−1 or m yr−1 water-equivalent). There is no simple ‘threshold temperature’ for a
glacier to be viable; a mean annual temperature below 0◦C is not a necessary or sufficient
condition for glacier ice to exist. Tidewater glaciers are vivid examples of this. Because ice
flow delivers large fluxes of ice to low elevations, glaciers can extend to sea-level environments
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where mean annual temperatures are several degrees above 0◦C. While most glaciers do not
reach the ocean, this feature is intrinsic to all glaciers; glacier ice in the ablation area does
not grow in situ, but is a consequence of ice transport from the accumulation area to the
ablation area.

Glacier flow occurs through three different mechanisms: internal ‘creep’ deformation, de-
coupled sliding at the ice-bed interface, and deformation of subglacial sediments (Figure 1).
The former is a function of ice rheology and the stress regime in the ice, while the latter two
mechanisms are governed by conditions at the base of the glacier [67]. These processes are
described in more detail below.

z b=

udub

us

H

z s=

z

x

Figure 1: Schematic of glacier flow mechanisms. The surface velocity us = ub +ud(s). Basal
velocity is the sum of deformation of underlying sediments and decoupled sliding at the ice-
bed interface. Where ice is moving at the bed, these two processes can operate together, or
only one of them may be active.

Governing Equations for Glacier Dynamics

Similar to models of atmosphere or ocean dynamics, the flow of glaciers and ice sheets is
mathematically described from the equations for the conservation of mass, momentum, and
energy. For a point on the glacier with ice thickness H , the vertically-integrated form of the
conservation of mass is most commonly employed in glaciological models:

∂H

∂t
= −∇ · (uH) + b . (6)

Here u is the average horizontal velocity in the vertically-integrated ice column and b is the
mass balance rate. The first term on the right-hand-side describes the horizontal divergence
of ice flux, while the second term describes the net local source or sink of mass associated
with accumulation and ablation. The vertically-averaged velocity includes ice flow due to
both internal deformation and basal flow: u = ud + ub. Glacial ice moves slowly, so a year
is typically adopted as the most convenient unit of time; hence, ice velocities are reported
in m yr−1 and b is expressed as m yr−1 of ice-equivalent gain or loss of mass.
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The main challenge in modeling glaciers and ice sheet is evaluation of the velocity field.
Acceleration and inertial terms are negligible in glacier flow, so the Navier-Stokes equations
that describe conservation of momentum reduce to a case of Stokes flow, where gravitational
stress is balanced by internal deformation in the ice:

∇ · σ = −ρg , (7)

where σ is the ice stress tensor, ρ is ice density, and g is the gravitational acceleration.
Expanding this into the three directional components,

∂σxx

∂x
+

∂σxy

∂y
+

∂σxz

∂z
= 0 ,

∂σyz

∂x
+

∂σyy

∂y
+

∂σyz

∂z
= 0 ,

∂σxz

∂x
+

∂σyz

∂y
+

∂σzz

∂z
= −ρig .

(8)

Ice deformation is independent of confining (i.e., hydrostatic) pressure, so ice rheology is
usually couched as a function of the deviatoric stress tensor, σ′. Under the assumption
that ice is incompressible, the momentum equations can be analyzed to give the horizontal
balances

2
∂σ′

xx

∂x
+

∂σ′

yy

∂x
+

∂σ′

xy

∂y
+

∂σ′

xz

∂z
= −ρg

∂h

∂x
,

∂σ′

yz

∂x
+ 2

∂σ′

yy

∂y
+

∂σ′

xx

∂y
+

∂σ′

yz

∂z
= −ρg

∂h

∂y
.

(9)

The terms on the right-hand-side represent the surface slope, for the glacier surface h (x, y).
Greve and Blatter [68] present a detailed derivation of this full system of equations and their
solution. A constitutive relation is needed to express internal stresses in terms of strain rates
in the ice: ǫ̇ij = 0.5(∂ui/∂xj + ∂uj/∂xi). Eq. (9) can then be rewritten as a function of the
3D ice velocity field, providing a framework to solve for u and integrate Eq. (6) to model the
evolution of glacier geometry in response to variations in ice dynamics or climate. The next
section describes the constitutive relation that is most commonly used in glacier modeling.

Because ice rheology is strongly temperature-dependent, an additional equation is needed
to solve for the 3D temperature distribution. As discussed in section 3, the local energy
balance gives the governing equation for temperature evolution in the ice sheet in Eq. (1).

Given a 3D temperature distribution through the ice sheet, the effective rheology of the ice
can be evaluated and the velocity field can be numerically determined. Knowledge of the
temperature field is also essential to assessing whether the base of the ice sheet is at the
pressure melting point or not; if so, liquid water can be present at the bed and the glacier
or ice sheet is subject to basal flow.

Internal Deformation: Ice Rheology

In order to solve the Stokes flow diagnostic equation, ice sheet stresses need to be expressed
as velocity fields, via a constitutive relation for ice. The rheology of polycrystalline glacier
ice is well-studied in laboratory and field environments [69]. Lab studies of tertiary ice
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deformation reveal that ice deforms as a nonlinear viscous fluid [9, 10, 70, 71]. The original
form of the flow law proposed by Glen [1955, 1958] is broadly supported by field studies of
tunnel and borehole deformation [7, 72], as well as observations and modeling of large-scale
ice motion [73, 74].

This constitutive relation is known as Glen’s flow law and is written as a function of the
second invariant of the deviatoric stress tensor, Σ′

2 = (σ′

ij σ′

ji)/2,

ǫ̇ij = B (T ) Σ
′ (n−1)/2
2 σ′

ij . (10)

B (T ) is an “ice softness” term that follows an Arhennius temperature dependence,

B (T ) = B0 exp

(

−Q

RT

)

. (11)

B0 is called the Glen flow-law parameter, R is a constant, and Q is the creep activation energy.
Lab and field studies of ice deformation suggest that B0 can vary by a factor of about 10
[69]. Including the effects of strain-softening and temperature, the effective viscosity of ice
varies by several orders of magnitude.

This formulation is an isotropic flow law that allows the first-order effects of ice temperature
and deviatoric stress regime to be incorporated in estimates of ice deformation. Ice defor-
mation is typically modeled as an n = 3 process. Where shear stress and shear deformation
are dominant, as is often the case, this is well-approximated by

ǫ̇xz = B (T ) σ′ 3
xz . (12)

Glen’s flow law is for pure, isotropic ice. There are numerous other complicating factors for
ice deformation, such as anisotropic ice fabric [75, 76, 77], the potential impact of grain size,
[78, 79] and the presence of impurities and intergranular liquid water content [80]. These
effects are not explicitly resolved in ice sheet models, but the flow rate parameter, B0, is
typically tuned to approximate the bulk effects of crystal fabric, grain size, and impurity
content.

The strain rates in Eq. (10) or (12) can be expressed as velocity gradients, and then vertically
integrated or inverted and substituted into the momentum balance, Eq. (9), to give a set of
equations for the horizontal ice velocity. Various numerical solutions to these equations have
been adopted in glacier and ice sheet modeling, outlined in more detail in the next section.

Basal Flow

In addition to internal deformation, glacier ice can flow at the base where the bed is at the
pressure-melting point, through some combination of subglacial sediment deformation and
decoupled sliding over the bed. Large-scale basal flow generally requires pressurized sub-
glacial meltwater, which can lubricate the bed, float the ice, or weaken subglacial sediments.
Subglacial hydrology therefore plays a pivotal role in fast-flowing glaciers and ice streams
[81, 82]. High subglacial water pressures can decouple the ice from the bed by reducing or
eliminating basal friction. On local scales this may not entice a significant ice-dynamical
response, as resistive stresses can be taken up at adjacent well-coupled regions of the bed, by
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side drag from valley walls or adjacent ice, or by longitudinal stress bridging (upstream and
downstream resistance to flow). However, numerous observational studies report occasions
where inputs of surface meltwater to the bed overwhelm these resistive stresses and produce
localized speedups in valley glaciers, e.g., [83, 84] and in polar icefields [85, 86, 87].

For large-scale ice stream flow or surging of outlet glaciers, subglacial water must occupy a
significant portion of the glacier bed, at pressures which are sufficient to drown geologic and
topographic pinning points [84, 88]. In this situation, widespread ice bed decoupling can
permit high rates of basal flow (100s to 1000s of m yr−1) and a regime in which ice fluxes are
dominated by basal flow.

In ice sheets that exhibit high rates of basal flow, there is ongoing uncertainty as to the
relative importance of sliding flow along the ice bed interface vs. deformation of the un-
derlying glacial sediment. High subglacial water pressures are conducive to both processes.
Fast flow in West Antarctica’s Siple Coast ice streams is associated with plastic failure of
a thin layer of saturated marine sediment [89, 90], and similar processes are expected to be
important wherever subglacial sediments and topographic features offer a relatively smooth,
low-friction substrate [91].

Models make some allowance for basal flow, usually through a local sliding ‘law’ relating
basal flow, ub, to gravitational shear stress at the bed, raised to some power m, ub ∝ τ m

d .
In some applications the effects of subglacial water pressure on basal flow are introduced,
typically through the effective pressure pe. This is the difference between glaciostatic (ice)
pressure and subglacial water pressure: pe = pi − pw. An effective pressure of 0 indicates
that ice is floating, so low or negative effective pressures promote ice-bed decoupling and
enhanced basal flow. While it is safe to assume that ub ∝ p−k

e , for some unknown power
k, there is likely no generalized local relationship between ub and pe; actual basal flow is
affected by regional-scale ice dynamics, not just local conditions. A prescription of the form
ub = Aτ m

d /p k
e is unstable as this blows up as pe → 0. Local flotation is commonly observed

in nature, so pe = 0 is a physically acceptable possibility. The mathematical instability is
simply a failure of the local form of the basal flow law. An alternative is to introduce a
parameterization in terms of the flotation fraction pw/pi, with ub = 0 when pw = 0 and
basal flow increasing with pw/pi. The local expression ub = Aτ m

d f (pw/pi) can represent
this, e.g., [92]. Basal flow observations are notoriously difficult to make so there is no clear
recommendation as to the functional form of f(pw/pi). Hydrological enabling of basal flow
is expected to be a nonlinear, threshold process [93].

Modeling Glaciers and Ice Sheets

This section describes the physical approximations and numerical techniques in place for
simulations of glacier and ice sheet dynamics, based on solution to Eqs. (6), (9), and (1).

One common reduction in ice sheet modeling, known as the shallow-ice approximation,
involves a number of scaling assumptions that are valid when horizontal gradients in ice
thickness and velocity are small and ice flows dominantly by vertical shear deformation.
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Under these conditions, Eq. (9) simplifies to

∂σ′

iz

∂z
= −ρg

∂h

∂xi
. (13)

where subscript i refers to the horizontal direction of interest (x, y). Eq. (13) can be vertically
integrated to give

σ′

iz(z) = −ρg (h − z)
∂h

∂xi
. (14)

This vertical shear stress is commonly known as the gravitational driving stress, τd. It
vanishes at the glacier surface (z = h) and τd = −ρg H∇h at the glacier bed. Substituting
for the strain rates based on Glen’s flow law and representing strain rates in terms of velocity
gradients gives

ui(z) = ubi − 2 (ρg)n |∇h|n−1 ∂h

∂xi

∫ z

b

B (T ) (h − z)n dz , (15)

for basal velocity ub.

For the shallow-ice approximation represented in Eq. (15), the vertically-averaged ice velocity
due to deformation is nonlinearly proportional to local surface slope and ice thickness,

ud ∝ (∇h)n Hn+1 . (16)

This treatment of ice dynamics has been adopted in most ice sheet modeling studies to date,
e.g., [19, 20, 94]. The nonlinearity of Glen’s flow law gives ice deformation rates that are
exceptionally sensitive to the glacier thickness and surface slope. Under this approximation,
ice velocity is solely a function of local ice geometry. This neglects ‘farfield’ effects and other
complicating influences on ice flow, such as longitudinal stretching/compression of the ice
and horizontal shearing due to the friction of valley walls. The influence of longitudinal
stress coupling on ice dynamics is significant in complex terrain such as valley glaciers and
mesoscale icefields [95, 34]. It is also important in settings such as tidewater glaciers, ice
shelves, ice streams, transition regions from inland to floating ice dynamics, and ice sheet
divides [14, 28]. Many of the most interesting questions in ice sheet behavior involve these
parts of the system, so more complete representations of ice dynamics are of great interest.

Doug MacAyeal [1989, 1995] introduced an approximation for ice shelf and ice stream flow
that is essentially the complement of the shallow-ice approximation in Eq. (13). Because flow
in ice streams is predominantly at the base, a plug-flow approximation, assuming no vertical
shear, is reasonable. The gravitational driving stress is then taken up by longitudinal stress,
horizontal shear stress, and basal friction. In ice shelves the basal traction also vanishes.
Under this approximation, Eq. (9) can be written

∂

∂x
(2 σ′

xx + σ′

yy) +
∂

∂y
(σ′

xy) = −ρg
∂h

∂x
,

∂

∂x
(σ′

xy) +
∂

∂y
(σ′

xx + 2 σ′

yy) = −ρg
∂h

∂y
.

(17)
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Substituting for strain rates and defining an effective viscosity µe from the inverted form of
Glen’s flow law [16],

∂

∂x

[

µe

(

2
∂u

∂x
+

∂v

∂y

) ]

+
∂

∂y

[

µe

2

(

∂u

∂y
+

∂v

∂x

) ]

= −ρg
∂h

∂x
,

∂

∂x

[

µe

2

(

∂u

∂y
+

∂v

∂x

) ]

+
∂

∂y

[

µe

(

∂u

∂x
+ 2

∂v

∂y

) ]

= −ρg
∂h

∂y
.

(18)

A vertically-integrated form of Eq. (18) is readily derived under the assumption that there
is no vertical variation in strain rates. These equations can be numerically solved to give
the horizontal velocity fields, subject to prescription of a basal shear stress as a boundary
condition at the bed.

This set of equations provides a good representation of ice dynamics where vertical shear
deformation is negligible. MacAyeal and colleagues have had good success in simulating
Antarctic ice stream and ice shelf dynamics with this method. This approach to modeling
ice dynamics has also been applied to former ice streams in the Laurentide Ice Sheet [96] and
in studies of the inland propagation of ice-marginal thinning in the Amundsen Sea sector of
West Antarctica [31]. Using control theory (inverse methods), these equations also provides
an opportunity to construct the basal friction from known surface velocity fields [97, 98].

The assumptions that underlie both shallow-ice models and the ‘plug-flow’ equations are
limiting in mixed flow regimes where vertical and horizontal shear stresses and longitudinal
stresses are all important. This is the case where ice flow goes through a transition from
grounded to floating conditions (the grounding line), where there are large spatial gradients
in basal flow, at ice divides, and in valley glaciers, where the shallow-ice approximation is
not valid because the ice thickness is of similar magnitude to horizontal variations in ice
thickness and velocity. To address this and provide a modeling framework that is generic
and self-consistent for all environments, recent efforts have explored solutions to the full
Stokes system, Eq. (8), as well as intermediate stages of complexity between the shallow-ice
approximation and the full Stokes solution. The development of theoretical and numerical
solutions of full stress-field solutions is promising, and has become tractable on regional
scales [28, 29, 32]. Full solutions are still computationally unwieldy on continental scales,
and have yet to be applied to whole ice-sheet simulations in Greenland or Antarctica.

Progress has been slower in numerical simulations of the subglacial geological and hydrolog-
ical processes that give rise to basal flow. This remains absent or oversimplified in models,
where basal sliding is often specified as a function of gravitational driving stress, subject to
thermal regulation. Warm-based ice can slide, while ice frozen to the bed is subject to a
no-slip boundary condition. Some recent efforts include explicit models of subglacial water
flow and storage, permitting sliding-law formulations that model this control on basal flow
[99, 100, 101], but the physical understanding and the numerical representation of these
processes remain limited.

Computational Considerations

For whole-ice-sheet simulations, the horizontal grid spacing is typically 20 to 50 km, with
some 30 layers in the vertical. Recent simulations have adopted grid sizes of 5 to 10 km. Such
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resolutions are tractable but the computational demand increases by an order of magnitude
for each factor of two reduction in the resolution, due to a fourfold increase in grid cells and
the necessary reduction in the solution time step.

Part of the computational challenge for full-stress solutions arises from the need for long
spinup simulations for the polar ice sheets. Both Greenland and Antarctica contain ice
that is more than 200 kyr old, and it is essential to model the temperature and thickness
evolution of the ice sheets through the last one or two glacial cycles in order to provide
a reasonable internal temperature field for present-day studies or future projections of the
ice sheets. Present-day dynamical adjustments are ongoing from the longterm evolution of
the ice sheets, and this provides a background signal that must be understood in order to
evaluate the response of the ice sheets to recent climate change. Regions of the ice sheets are
thickening and thinning as a result of the ice sheet and climate history, largely associated with
the long timescales of thermal advection and diffusion. The ice sheets are also adjusting to
the geometric changes that attended the last deglaciation, e.g., [102]. These ‘secular’ effects
are further compounded by the slow (103 to 104 year) timescale of isostatic adjustment to
the last glacial maximum and the subsequent deglaciation, which also needs to be simulated
for the ice sheet system.

Finite difference and finite element approaches have both been applied to glacier and ice
sheet models. Finite elements are more versatile and applicable to the complex geometry
of mountain glaciers and fixed, limited spatial domains such as ice shelves, and these have
advantages for solution of the diagnostic equations for ice velocity. Time-adaptive, moving
grids are needed to simulate the evolution of glacier geometry, however, and this combines
with the simplicity of finite-difference methods to make these more popular for simulation
of large-scale ice sheet dynamics.

Priorities and Challenges

Fundamental glaciological data are still sparse in large sectors of the polar ice sheets and
mountain glaciers, including knowledge of ice thickness, thermal regime, and subglacial con-
ditions. It is difficult to apply hydrological and basal flow models to much of Greenland
and Antarctica, where groundwater drainage, sediment properties, and other details of the
subglacial environment are poorly known. Better understanding of the essential subglacial
processes physics is also needed [67], as well as methods to parameterize these subgrid-scale
processes in large-scale models. Similar physical and numerical challenges are involved in
simulation of iceberg calving; there is no established ‘calving law’, as the underlying physics
and environmental controls are not fully understood.

There is a recent emphasis on glacial systems modeling, including subglacial processes and
hydrological evolution, e.g., [93], but these efforts are still in early stages. With these limi-
tations in mind, there is potential for major progress on at least two fronts based on what
is currently well-understood about glaciers and ice sheets: (i) through high-resolution, full-
Stokes solutions, which are on the horizon, and (ii) through improved coupling of ice sheet
and climate models. Improved coupling with climate models is necessary and many re-
search groups have initiated this effort in recent years, for both individual glaciers [103] and
continental ice sheets [104, 25, 105, 106].
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Improved representation of stress-strain regimes at ice sheet margins, within floating ice and
grounding zones, and in drainage basins that feed fast-moving outlets will provide a better
representation of interannual and decadal variability of the ice sheets. This will also improve
model capability in simulating glacier and ice sheet sensitivity to climate change. Resolutions
(and input bedrock and climate-forcing datasets) of order 1 km are needed for this advance
in the polar ice sheets, at least in the areas of complex flow and steep gradients at the ice
sheet margin. For valley glaciers, input fields and ice dynamics need to be simulated at
resolutions of order 100 m, and closer to 10 m if one wishes to simulate interannual glacier
terminus response to climate change. It is also important to recognize that even with full-
Stokes solutions, ice streams, surging behavior, summer speedups, ice shelf instabilities, and
areas of fast flow within the ice sheets will not spontaneously arise in the correct places; these
are associated with processes and forcings that are absent in most models. In particular,
there is limited two-way interaction between oceans and ice sheets in modeling studies to
date, despite recent evidence that ice sheets are highly responsive to ocean warming [107].

5 Floating Ice Dynamics

State of the art climate models today treat the jumble of floating ice floes as a continuum. At
present, in global models, the only floating ice with dynamics is sea ice, as lake and river ice
models are generally thermodynamic only. There are specialized models of lakes and rivers,
and they are based on the same principles as sea ice models, so we discuss their dynamics
together here.

The physics of floating ice is strongly dependent on the thickness. Therefore, floating ice
is generally described in terms of a distribution of ice thicknesses at the subgrid-scale. The
ice motion is also considered for a continuum, rather than for individual floes. With this
brief overview, a global-scale floating ice model can be developed from the description of
thermodynamics given in section 3 and the additional governing equations for the dynamics
and ice-thickness distribution given in this section.

Ice-thickness distribution

The formulation of a floating ice model begins with the ice-thickness distribution equation.
The ITD is a probability density function (pdf), usually written g(h), that describes the
probability that the ice cover in a particular region has thickness h. A cruder alternative is
to model the mean thickness of the pdf and the total ice concentration.

In a floating ice model, the ITD describes the pdf of a grid cell and thus it is sometimes
called a subgrid-scale parameterization. A parameterization typically represents processes
that are too small-scale or complex to be represented explicitly. For example, deformation is
parameterized with a set of rules in a continuum model because there is no known differential
equation that describes deformation in this type of model. The rules must select the portion
of the ITD that will deform and then redistribute it within the ITD. In contrast, ice growth
and melt alter the ITD in a way that is computed from first principles. Hence the ITD
actually includes both parameterized and explicit physics.
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The ITD equation is
Dg

Dt
= −g∇ · u + Ψ −

∂

∂h
(fg) + L (19)

where the left hand side is the Lagrangian derivative of g following an ice “parcel” and
terms on the right hand side are the rate of change of g from parcel convergence, mechanical
redistribution (Ψ, see Fig. 2), advection of g in ice-thickness space from growth/melt (see
Fig. 3), and the reduction rate of g from lateral melt (L). Here, u is the horizontal ice
velocity (vertical ice velocity is ignored) and f is the net growth rate. The ITD equation
was introduced by [44]. Models that specify the ITD, e.g., [108], or only permit a single ice
thickness in the ice covered fraction of a model grid cell, e.g., [109], would have an equation
for the gridcell mean ice thickness instead.
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Figure 2: Illustration of deformation. The portion of the distribution labeled “lost to de-
formation” is also known as the ice that participates in redistribution. It subsequently is
redistributed to thicker parts of g(h), where it is labeled “gain by deformation”.

There are two parts to deformation: a rate of opening (creating open water) and closing
(closing open water and/or deforming and redistributing the ice), which depend on u and
g(h). The opening and closing rates depend on the convergence and/or shear in the ice
motion field. It may not be obvious that shear would cause deformation. Imagine that the
ice pack is composed of pieces with jagged edges. When shearing, the jagged edges can catch
on one another and cause deformation, which converts kinetic energy into potential energy
from piling up ice, or shearing can cause frictional loss of energy and no deformation. Thus
the closing rates also depend on assumptions made about frictional losses, see e.g., [51, 54].

A mathematical representation of lead opening and mechanical redistribution is most con-
veniently written in terms of the divergence and shear of u, ǫ̇I and ǫ̇II , respectively. The
parameterization follows from [44]:

Ψ = |ǫ̇|[α0(θ)δ(h) + αr(θ)wr(h, g)], (20)

where |ǫ̇| = (ǫ̇2
I + ǫ̇2

II)
1/2, θ = tan−1(ǫ̇II/ǫ̇I), δ(h) (the delta function) is the opening mode

and wr(h, g) is the ridging mode. The coefficients |ǫ̇|α0(θ) and |ǫ̇|αr(θ) are known as the
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Figure 3: Illustration of advection in thickness space.

lead opening and closing rates, respectively, and they are related such that their difference
equals the divergence, |ǫ̇|α0(θ) − |ǫ̇|αr(θ) = ǫ̇I .

For the redistribution process, some portion of g(h) is identified as potentially able to “par-
ticipate” in redistribution (see Fig. 2). This is usually the thinnest 15% of g(h). If the open
water fraction exceeds 15%, then no redistribution takes place, and instead the open wa-
ter closes under convergence and nothing happens under shear. The so called participation
function is weighted according to its thickness, so that the thinnest ice is most likely to de-
form. Then a rule is needed to redistribute the ice that ridges. Originally, [44] proposed that
ridged ice would end-up five times thicker than its starting thickness. Other more complex
redistribution schemes have been used since then [43, 110]. The interested reader can refer
to these references for examples of parameterizations for wr(h, g).

The other primary mechanism that changes g(h) is ice growth or melt, which cause g(h) to
shift in thickness space. This process is illustrated in Fig. 3. The growth/melt rate depends
on thickness, so g(h) becomes distorted in the process.

An explicit conservation equation for ice volume (or mass) is not given in this section because
conservation of volume is contained in the equation for g(h) (or at least it depends on the
way g(h) is discretized).

Momentum equation

The second governing equation is conservation of momentum:

m
Du

Dt
= −mfk × u + τ a + τw − mgr∇Y + ∇ · σ, (21)

where the left hand side is the Lagrangian derivative of u following an ice parcel, the right
hand side begins with a term representing Coriolis force, air and water stresses, the force
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due to ocean surface tilt, and the ice internal force. In this equation m is mass per unit area,
f is the Coriolis parameter, gr is gravity, Y is the sea surface height, and σ is the ice stress.

Ice rheology and the constitutive law

A constitutive law characterizes the relationship between the ice stress and strain rate and
defines the nature of the ice dynamics. A simplistic picture of a converging ice pack with
uniform thickness under an imposed compressive wind force is given in Fig. 4. Floating
ice generally repels the compressive force somewhat even if it is deforming. The resulting
internal force is associated with a nonzero stress state. In Fig. 4 the ice pack is converging
such that its length L on one side decreases by δL in some time δt, so the ice experiences
a strain ǫ = δL/L and a strain rate ǫ̇ = δL/Lδt. A modeler chooses the constitutive law to
relate σ and ǫ̇, which are actually two-dimensional tensors, not scalars as shown in Fig 3 for
illustrative purposes only. In two dimensions, the divergence and shear of the ice velocity
can be conveniently used to describe the strain rate tensor as they are invariant across grid
transformations.

τa

�

Ice slab side view

After applying a converging wind stress for time δt

Volume is conserved

so the ice is thickerτa

Initial state

L-δL

length L

-

Figure 4: Illustration of ice slab that deforms under compressive force.

The momentum equation depends on the ice internal force, which in turn depends on the ice
stress tensor. The most common rheology used today is the viscous-plastic rheology from
[109] (or a close derivative thereof) where the ice behavior is plastic at normal strain rates
and viscous at very small strain rates.

The constitutive law for the viscous-plastic model of floating ice can be cast in terms of the
invariants of stress (σI and σII) and strain rate (ǫ̇I and ǫ̇II) with the pair of equations

σI = ζǫ̇I − P/2

σII = ηǫ̇II ,
(22)

where P is the ice strength and ζ and η are bulk and shear viscosities, respectively. The
relationship between the viscosities and strain rate invariants is chosen so that the stress
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state lies on an elliptical yield curve,

(σI + P/2)2

(P/2)2
+

σ2
II

(P/2e)2
= 1, (23)

where e is the ratio of the principal axes of the ellipse (the original Hibler model [109] used
e = 2, which is still common today). Thus requiring

ζ =
P

2∆

η =
ζ

e2

∆ =
(

ǫ̇2
I + ǫ̇2

IIe
−2

)1/2

(24)

for plastic behavior. To avoid infinite viscosities as ∆ → 0, ζ and η are assigned large
constant values. In this case the stress state lies inside the elliptical yield curve and the ice
behaves like a viscous fluid, exhibiting creep.

The ice strength must be parameterized somehow. For a model with ridging, P can be based
on the energetics argument proposed by [111] for plastic deformation, where the compressive
strength is equated to the potential energy increase per unit strain in pure convergence.
Following [43], the potential energy is multiplied by a constant to account for the dissipation
of kinetic energy by frictional energy loss during ridging,

P = ZCp

∫

∞

0

h2wr(h)dh (25)

where Cp = 0.5(ρi/ρw)ĝ(ρw − ρi) and Z is the ratio of total energy dissipated to potential
energy gain (ρi and ρw are the densities of ice and water and ĝ is the acceleration due to
gravity). [112] and [113] recommend Z = 17.

Computational Considerations

Computation time given to the sea ice component of a typical global climate models is
roughly 10-20% for a ∼100 km resolution ice grid, although it could easily be more or less
depending on the relative resolution, sophistication, and optimization among components.
Lake and river ice in global climate models take a trivial portion of the total computation
time because their area is so small compared to the rest of the globe.

A key consideration for climate modelers is to design a model that can run the scenarios of
interest in a time to meet publication deadlines. Choices must be made to balance model
resolution, physics, parameterizations, and numerics. High performance computers today
have tens of thousands of cores and many have been constructed for the purpose of running
climate models. Codes must parallelize well to take advantage of these machines, and sea ice
codes generally do because there are relatively many processes that operate at the grid-scale
(e.g., vertical heat equation) and subgrid-scale (e.g., deformation). The Los Alamos Sea Ice
model CICE has already been successfully scaled beyond 10,000 cores on Cray XT equipment
[114].
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6 Future Directions

Most of the progress to date in modeling glaciers, ice sheets, permafrost, and snow science
has stemmed from independent efforts by individual researchers. Advances have paralleled
the much larger, coordinated research programs dedicated to the development of climate
models, with little crossover or integration. This contrasts with modeling developments in
sea ice studies, which are now fully integrated in most ocean-atmosphere general circulation
models.

To date there have been few efforts to couple climate and ice sheet models. Most ice sheet
simulations use ‘offline’ forcing where climate model derived fields are used to drive sim-
ulations of ice sheet evolution, through one-way forcing. The long timescale of ice sheet
evolution means that this may be a reasonable approach, but evolution of ice sheet albedo
and topography feeds back on atmospheric conditions on timescales of decades to millen-
nia. Further, there are direct seasonal-timescale links between climate and the dynamics
of glaciers and ice sheets, including the effects of surface meltwater and a possible link be-
tween coastal ocean temperature and sea ice conditions and outlet-glacier dynamics. These
processes all require improved coupling between climate and ice sheet models. This is par-
ticularly true at the ice-ocean interface, where mass and energy exchanges are not physically
modeled in current simulations.

In general the mass balance fields (accumulation – melt) simulated by climate models are
not accurate enough for fully coupled ice sheet-climate modeling, nor can sophisticated
atmospheric models be integrated over the millennial time scales of interest for ice sheet
evolution. However, the development of improved regional-scale meteorological and glacier
mass balance models, e.g., [115, 116, 117], permit direct estimates of surface mass balance
from meteorological models, and offer a good physically-based method to simulate how these
fields can be expected to change with ice sheet geometry.

The challenge is greater for the mass balance fields and surface climatological forcing of
mountain glaciers and permafrost. Mountain glaciers reside in complex terrain where tem-
perature and precipitation gradients are steep. The topography and relevant meteorological
processes are not faithfully resolved in even regional climate models, so some form of climatic
downscaling is needed to prescribe mass balance fields for glacier modeling [103]. These meth-
ods generally do not conserve energy or mass, and improved treatments are needed. There
are different considerations for permafrost modeling, but they also relate to the resolution
of the landscape and surface climate. The mean annual surface temperature that governs
permafrost aggradation and degradation depends on local-scale vegetation, snowpack depth,
hydrology, and soil properties, which commonly vary over a spatial scale of meters. Hence,
global-scale permafrost and snow models should be interpreted ‘statistically’ for a region (i.e.
via a distribution of permafrost thickness and snow depth in a given climate-model grid cell,
based on the range of ground cover and snow conditions in the region).

In contrast to the terrestrial components of the cryosphere, the needs of global climate models
often drive sea ice model developments. For example, models that use eddy-resolving ocean
components are approaching the large floe-scale, where sea ice (assumed to be on the same
grid) can no longer be considered a continuum. Rheologies that attempt to treat ice as a
granular material hold promise as a means to extend the utility of continuum models to
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smaller length scales. Such rheologies often use Mohr-Coulomb or decohesive type yield
curves, which depart from the standard elliptical yield curve particularly where the stress
states on the ellipse resist breaking under tension. The floe models to date do well at modeling
deformation but the process of joining floes at freeze-up has not been solved [112, 118].

Recent observations of sea ice reveal very long, narrow openings, or leads, in the ice that
suggest oriented weaknesses occur. These regions have been dubbed linear kinematic features
[119]. Such features occur in sea ice models with isotropic rheologies, such as the viscous-
plastic type, with some level of realism at fine resolution [120]. However, models that account
for such anisotropy explicitly by keeping track of lead orientation and computing resistance
to opening depending on the orientation with respect to leads, e.g., [121, 122], may be able
to match observations better [123].

The drive to model the carbon cycle and hence ecosystem dynamics in global climate models
has spawned an effort to model sea ice algae and nutrient cycling. When seawater freezes,
algae stick to the ice particles, and as the ice particles combine they trap brine, nutrients,
and organisms in brine pockets. Biomass concentrations can be hundreds of times greater in
sea ice than in seawater, and carbon and key nutrients in sea ice are a substantial fraction of
the total in ice-covered regions. When sea ice melts it deposits these materials into the ocean
precisely when solar input and meltwater runoff is highest, creating prime conditions for an
ocean bloom. Models of these processes have been developed offline [124, 125, 126, 127, 128]
and will soon be implemented in sea ice models of global climate models. Models of ecosystem
dynamics in sea ice also require a treatment of seawater infiltration, brine drainage, and
meltwater flushing, which necessarily involves modeling sea ice salinity [128].

Modeling the cryosphere today is concerned with far more than describing Earth’s surface
albedo. Global climate models need to be coupled to components of the cryosphere with
adequate sophistication to investigate modern scientific problems involving sea level rise,
Arctic sea ice retreat, permafrost thawing, and more. There is also evidence that models
with better physics are among the models that agree best with observations [129].
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