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[1] An approximate analytical expression for the rate of loss of cloud droplets by
coalescence in warm clouds is derived from the stochastic collection equation (SCE). The
expression depends only upon precipitation rate and cloud droplet concentration and
compares well with estimated loss rates derived using observed cloud drop size
distributions and the complete collection kernel. Loss rates are found to be surprisingly
high even for the modest precipitation rates found in drizzling boundary layer clouds and
can be used to infer the loss rate of cloud condensation nuclei (CCN) through coalescence.
The expression can be used to better represent the interdependence of aerosol and cloud
properties in the boundary layer.
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1. Introduction

[2] The interdependence of clouds and aerosols is cur-
rently the subject of considerable debate [Lohmann and
Feichter, 2005]. An understanding of how aerosols impact
cloud radiative properties cannot be considered to be
complete without understanding how clouds themselves
influence the aerosol characteristics. Models that attempt
to identify the key processes controlling the aerosol size
distribution in the marine boundary layer (MBL) [Raes,
1995; Capaldo et al., 1999; Katoshevski et al., 1999] have
demonstrated the importance of precipitation scavenging.
However, the treatment of this process in these models is
somewhat arbitrary and there is little or no attempt to couple
the aerosol removal to the meteorology and cloud properties
in the MBL. In the marine boundary layer, as we shall see,
the main loss mechanism for cloud condensation nuclei
(CCN) is through the process of cloud and drizzle drops
coalescing with each other, a process we term coalescence
scavenging. Each coalescence event effectively removes a
single CCN from the MBL as the resulting drop, once
evaporated, will result in only one aqueous haze particle.
Collection of interstitial or subcloud aerosols by precipitat-
ing drops represents a much weaker sink of aerosols and can
essentially be neglected.
[3] In this study, an analytic expression for the coales-

cence scavenging of cloud droplets is derived that can be
used, in conjunction with recent expressions for the depen-
dence of precipitation rate on cloud thickness and cloud
droplet concentration, to provide important links between
the properties of the clouds in the MBL and the rate of
removal of aerosols. We also compare our formulation with
existing treatments of coalescence scavenging droplet loss
rates.

2. Analytic Expression

[4] We consider an expression for the rate of loss of
droplets through coalescence. Given that each coalescence
event reduces the number of CCN by one, this can be
interpreted as being a loss rate for the CCN. The stochastic
collection equation (SCE) gives an expression for
the evolution of the drop size distribution n(x) due to
collision-coalescence of drops of volume x with those of
volume x0 [e.g., Berry, 1967]
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where K(x, x0) is the collection kernel for coalescing drops.
The total number concentration of drops N is given by
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so that the rate of increase of drops through collision-
coalescence _N is given by
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Using (1) we obtain
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[5] Exchanging the order of integration in both terms and
making the substitutions y = x � x0 in the inner integral of
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the first term and y = x in the inner integral of the second,
we find
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which can be simplified to
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[6] Here (6) simply states that for each droplet that
coalesces, half a droplet is lost (i.e., one drop is created
from two coalescing drops), and is an exact result. To derive
a useful relationship that can be expressed as a function of
bulk parameters, some approximations for K(x,x0) must be
made. We can follow the methodology of Liu and Daum
[2004] who use the mean value theorem for integrals,
namely that if f(x) and g(x) are continuous on the interval
[a,b] and g(x) does not change sign in this interval, then
there is some point xz2 [a,b] such that
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[7] Application of (7) to (6) gives
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Following Long [1974] for small drops (r < 50 mm), i.e.,
parameterizing K(x,xz) = kx2 (i.e., the kernel depends
only upon the mass of the collector drop), with constant k =
1.1 � 1010 m�3 s�1, we obtain
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Reverting to radius units, such that x = 4pr3/3, we find
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with k0 = 1
2
(4p/3)2k, and R6 is the sixth moment weighted

radius. For the ith moment in general, Ri = (
R
0
1rin(r)dr/N)1/i.

Equation (10) indicates that the rate of loss of cloud drop
concentration in this approximation is proportional to the
product of the cloud drop concentration and the sixthmoment
of the cloud droplet size distribution. The validity of this
approximation is tested by evaluating (6) using the
commonly accepted best estimates for K(x,x0) for cloud and
drizzle drops [Hall, 1980], and the observations of cloud/
drizzle drop size distributions in a range of stratiform
boundary layer clouds taken from Wood [2005b]. Figure 1
shows � _N = �dN/dt estimated using (6) against the
parameterization using the Long kernel (10) indicating some
correlation, but with the parameterization tending to over-
estimate the loss rate. Figure 2 shows the result if we only
include collections of one cloud drop (here somewhat
arbitrarily defined as r < 20 mm) by another, which indicates
that the Long small drop kernel approximation is indeed
excellent at estimating the collection kernel for the small
drops. However, it is a poor representation of the kernel for
large drops. When a significant fraction of cloud drop
removal is through accretion onto drizzle drops (r > 20 mm),
the Long small drop parameterization is insufficient.
[8] For large drops (r > 50 mm) Long [1974] introduces a

linear dependence of the kernel upon drop mass K(x,xz) =
k2x with constant k2 = 6.33 � 103 s�1. With this kernel in
(8), we obtain
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where k2
0 = 1

2
(4p/3)k2. Figure 3 shows the comparison of

(11) with the observationally derived values, again indicat-
ing significant overprediction and considerable scatter. This
is because the Long large drop parameterization severely
overpredicts the influence of the small droplets. The general
behavior of the Long kernel approximations in over-
predicting the coalescence drop loss rate is a result of the
concave nature of the combined function, which arises
because drizzle drops straddle the gradual transition from
the Stokes regime (appropriate for r < 40 mm, where the
terminal velocity increases as r2) to the regime where the
drag coefficient is independent of Reynolds number
(appropriate for r > 600 mm, where the terminal velocity
increases as r1/2). We therefore need to reconsider how to
best evaluate (6) analytically.
[9] To do so, we begin with the coalescence kernel

K(x, y), defined as
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Figure 1. Drop coalescence scavenging rates estimated by
integration of the SCE in the form (6) using observed size
distributions in stratiform boundary layer clouds [Wood,
2005b] against the parameterization based upon the Long
[1974] analytic kernel approximation for small drops, i.e.,
equation (10). The SCE integration uses the collection
kernel of Hall [1980].
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