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I.  Introduction: 
 
Satellite images display 2-dimensional arrays of irregularly spaced cloud-
filled pixels from which may be extracted cloud-optical properties.  What is 
the effective 'information content', or 'degrees of freedom' [df] of functions 
assembled from of data derived from such irregularly spaced pixels?  How do 
we estimate the standard errors [SE] of functions of such pixelized data? 
 
This note presents a useful recipe to address these questions.   
 
In the Appendix and in Section II, below, I review a more-or-less accepted 
recipe commonly used to estimate df and SE associated with uniformly 
spaced one-dimensional data arrays.  In Section III, I extend this approach 
to accommodate irregularly spaced one-dimensional data, and show that this 
extension, if applied to regularly spaced data, collapses into the conventional 
form.  In Section IV I apply the extension to irregular two-dimensional 
images, and report averages and standard errors for optical depths [Tau], 
effective particle radii [Re], liquid water precipitable [LWP], and cloud-top 
temperatures [CTT] derived from a MODIS image.  I conclude with a 
Discussion, V, an Algorithm, VI, and an Appendix.  
 
 
II.  Review 
 
A derivation of a more-or-less established, but approximate, algorithm to 
compute df and SE from evenly spaced, autoregressive, one-dimensional 
data arrays is presented in the Appendix, VI. 
 
There it is shown that given an array of evenly spaced observations 
 
 x(i) = x(1), x(2), x(3), ... x(N)       
 
with `<x> = (1/N) ΣΣΣΣi x(i) ,  their average,     
 
The standard deviation of the probability distribution function of x(i) is 
 
 SD[x] = {(1/N) ΣΣΣΣi [x(i) - <x>]2}1/2 = {<x2> - <x>2}1/2  [1] 
 
and the standard error of <x>, assuming N independent measurements of 
x(i), is 
 

SE[<x>] = SD[x(i)] / [N -1]1/2        [2] 
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The "-1" that is subtracted from "N" in the denominator of SE in equation 
[2], accounts for one degree of freedom that has been 'used up' in calcu-
lating <x>, in SD1.  When N is 'more than a few' this correction is negligible 
compared with other approximations that commonly go into estimating SE, 
which are usually ignored. 
 
SD and SE are often confused.  The former, often abbreviated as σ, is the 
best current, a posteriori, estimate of the width parameter of a Gaussian 
distribution of N discrete measurements of x(i), assuming they have been 
sampled from a continuous variable, F(x). The latter, SE, confusingly 
sometimes also abbreviated σ, is the best a priori estimate of the width 
parameter of a Gaussian distribution of a set of subsequent averages, <x>, 
that are in fact not yet made, and likely will never be made, but only in the 
case where the lagged autocorrelation function 
 
 r(j) = [<x(i) x(i+j)>- <x>2] / SE2 = 0      j > 0. ...   [3] 
 
Note that -1 ≤ r(j) ≤ 1 and that r(j) = 1 when j = 0.. 
 
With geophysical data, however, the autocorrelation function, r(j), is most 
often NOT equal to zero when j > 0.  When the physics that controls the 
process that generates the x(i) are in some degree local, either in space or 
time, then r(j) commonly approximates: 
 

 r(j) ≈ e-(j/L) + residual harmonics2 + noise.   [4] 
 
In [4]  L    ≈ <-j / Ln[r(j)]>  j = 1 to Jmax    [5] 
 
L is called the characteristic lag of the array x(i).   
 
In [5], the upper bound of the r(j) that should be included in the average 
must certainly be less than the first j which r(j) is less than or equal to zero.  
More conservatively, let Jmax be the largest j, starting upwards in a 
continuous series from j = 1, for which 
 
  r(j) > 1 / [N – 4]1/2.         [6] 
 
The right-hand side of [6] is a [naive] estimate of the SE of r(j), in the limit  
0 < |r(j)| << 1.   

                                       
1 With other functions than a simple mean, K > 1 degrees of freedom must be 
subtracted from N.  For correlations between x(i) and y(i), for example, K = 4 to 
account for prior extraction of a mean and a standard deviation from both x(i) and 
y(i). 
2 Note that the recipe described in this note does not account for significant residual 
harmonics left over after removing the 'Lorentzian Spectrum' associated with e-(j/L).  
Thus the df's and SE's estimated here are upper limits.  To correct df, approximately, 
for the effects of residual harmonics: 
 

[a] Find r(1) 
[b] Filter the x(i) data using x'(i) = x(i) – r(1) x(i-1) 
[c] Perform a complete, normalized Fourier Power spectrum of x'(i). 

 [d] Subtract two df for every residual harmonic with amplitude > 4/N. 
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Note that for data arrays that are separated by intervals of time, then j and L 
both have units of time.  Similarly, when separated by space, j and L have 
units of length.  As they commonly appear in a ratio, however, and in the 
special case where all the separations are equal, their units are often 
unstated.   
 
With 1-dimensional, evenly spaced data that are auto-correlated with 
characteristic lag L, as in [4], it is shown in the Appendix that 
 
  df ≈ N [1 – e-1/L] / [1 + e-1/L]     [7] 
 
and  SE[<x>] = SD[x(i)] / [df-1]1/2     [8] 

For 1-dimensional evenly space data arrays, use [4] and [5] to estimate L, 
[7] to get df, and [8] to get SE.  A numerical example is given in the 
following section. 

 

III.  Extension to unevenly spaced data  

Consider two pixels associated, for example, with widely separated 
measurements of cloud optical depths, Tau(1) and Tau(2).  Focus for a 
moment on the first pixel, as the second moves towards it.  Initially, when 
the particles are very distant from one another, each pixel contains one piece 
of information about arrays of Tau(i), and the summed df of both together 
equals 2.  Assuming an exponentially lagged autocorrelation between Tau(1) 
and Tau(2), r(d) ~ e-d/L, where d is the separation between them, then as          
d --> 0, the particles merge, the Tau's become indistinguishable, the 
information content of each pixel tends to 1/2, and the sum of both together 
towards df = 1.  

 A function of d that accounts smoothly for df(d) of both particles is 

 df ≈ Σi{1 / (1+ e-d/L)}   i = 1,2     

Extending this to many particles, each located at discrete positions x, y, z, 

 df ≈ Σi{1 / [1+ Σj,j≠i e-|d(i,j)| / L]}      [9] 

Equation [9] assumes that L is uniform and isotropic.  Both sums in [9] are 
from i and j = 1 to N, but the second sum omits cases where j = i.  In [9] 
d(i,j) denotes the separations between the ith and jth pixels.  In 1-dimension, 
d(i,j) is just  |x(i) - x(j)|.  In two Cartesian dimensions,  

          d(i,j) = {[x(i) - x(j)]2 +  [y(i) - y(j)]2}1/2 |,   and so on.   

Computing L is a bit more tricky than in the one-dimensional case, as I shall 
discuss in the following section.  This is a good place, however, to demon- 
strate that [9] collapses to [7] if all the pixels are uniformly separated. 
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In this case the second sum in [9] may be broken into two pieces:  

 e-|1-i|/d + e-|2-i|/d  + ... e-[1/d]     when  1 ≤ j < i , and 

 e-1/d + e-2/d + ... e-N/d               when  i < j ≤ N 

Both these series are geometric.  Note that if the 1st of these is written 
backwards it become [almost] identical to the second.  As the number terms 
in both series become large, then each series sums approximately to           
e-1/L / [1 – e-1/L], and their joint sum is just twice this.  Plugging the latter 
into [9], and summing over i gives equation [7]. QED 

I have conducted a numerical test of [9], comparing it with [7], 

and with a commonly used further approximation of [7] 

  df ≈ N / (2L + 1)       [10] 

For this test I assumed a 1-dimensional, uniformly spaced, Markov chain, 
generated between the 1001th and 2000th elements of the repeated series 

 x(i+1) = 0.5 * x(i) + 0.5 * [ranf - 0.5], 

The function ranf is a pseudo-random generator that delivers numbers 
uniformly spaced between 0 and 1.  I then normalized the 1000 element 
array of x(i) to zero mean and unit standard deviation.  

Here are the results of this test: 
 

Npts = 1000
<X> = 0.000
SD = 1.000
L = 1.267 [from equations [3] and [5].
 
From equation [10]  
df = 282.9          = N / (2L+1) 
 
From equation [7] 
df = 375.3          = N * (1 - exp(-1/L)) / (1 + exp(-1/L)) 

 
From equation [9]  
df = 375.8          = ΣΣΣΣi {1 / [1 + ΣΣΣΣi,j≠i exp(-|j-i| / L)]} 
 
                              ΣΣΣΣi = sum over i = 1 to 1000  
                              Σj = sum over j = 1 to 1000 [j<>i] 

Note the close agreement between the last two estimators, equations [7] and 
[9], as predicted..  Note also that [10] underestimates df by 24%, and over-
estimates SE by 15%.  



 5

IV.  Estimating L, <Tau>, <Re>, <LWP>, <CTT>, and their standard errors 
from a MODIS image. 

Data for this study were taken from a MODIS image3 of a maritime cloud 
field off the west coast of equatorial Africa, between –4 and +4 degrees of 
latitude and –10 to +4 degrees of longitude.  Figure 1.   

The pixel resolution of the primary image is approximately 0.006 degrees  
[lat x lng], but the processed image is of cloud-filled 'super-pixels' that were 
averaged in 5x5 blocks containing between 1 and 25 primary pixels.  These 
blocks were parsed by MODIS to derive measurements of cloud optical 
depths, Tau, cloud-particle 'effective radii', Re, liquid-water precipitable, 
LWP, and cloud-top temperatures, CTT.   

Note that this processing introduces significant uncertainties, both 
systematic and random, that are not accounted for by the algorithms 
described here. 

The first step in accounting for lagged autocorrelations among these data is 
to determine a characteristic length, L, for each variable.  The strategy is to 
group pairs of data points, Tau[x(i),y(i)] and Tau[x(j), y(j)], for example, 
into bins characterized by [almost] common average inter-pixel distances, d, 
then find r(d) in each bin, and L by comparing with other bins at increasing 
distances, d, using equations [4] and [5].  Then find df with equation [9].  
For an explicit algorithm, see Section VI. 

But what should be the bin widths, d, and how many bins should encompass 
the field?  Empirically, df increases slowly to a broad maximum at bin widths 
equal to dmin , the smallest pixel separation observed.  With the present 
image dmin is 0.022 degrees of latitude.  [1 degree lat. = 60 nautical miles = 
111.2 km.  Each bin is 2.45 km wide.] 

Table I summarizes data derived from this image. 
 

 Table I 
�

-4.100 < lat < 4.100
-10.000 < lng < 5.000

Maximum Range = 14.1243 degrees
Minimum Range = 0.0224 degrees
Number of points = 669
Number of bins = 630
Number of pairs = 223,446

                                       
3 The data from this image were acquired and parsed by professors Qilong Min and 
Lee Harrison, ASRC, SUNY-Albany.  If you want a copy email me at 
harrison@atmos.washington.edu. 
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Table I [continued] 

Tau Re LWP CTT
------------------------------------------------------
Average = 11.149 18.805 150.463 281.215
SD = 7.805 7.528 81.933 18.024
SD/Avg = 0.700 0.400 0.545 0.064
L = 0.126 0.168 0.065 0.074
SD(L) = 0.026 0.049 0.008 0.026
df = 91.828 69.367 182.831 159.580
SE(df) = 0.819 0.910 6.076 1.431
SD/(N-1)^1/2 = 0.302 0.291 3.170 0.697�

��

�

Tau is dimensionless, Re is micrometers, LWP is grams/m2, and CTT is 
degrees Kelvin.  L has dimension degrees of latitude (111.2 km), and SD and 
SE have the dimensions of Tau, Re, etc. .   

Note in the last two lines of Table I, that SE(df), computed from [7] and [9] 
is 2-3 times larger than the uncorrected [and naive] estimate of [2].  Note 
further the fairly large coefficients of variation, SD/<Avg>, reported for Tau, 
Re, and LWP.  [SD/<Avg> is smaller for CTT, owing to the large offset from 
degrees centigrade to degrees Kelvin.]  The field of view is not homo-
geneous, and significant spatial variations among these cloud parameters are 
present throughout the image.  

Here also is a table of crossed-correlations, with Standard Errors estimated 
from the 669 member arrays of d(i) = Tau(i)Re(i), etc. 

 

Table IIa 
  
 Correlation Matrix with SE ~ 1/[df-4]1/2 

All 699 pixels of Figure 1. 
 

Tau Re LWP CTT
----------------------------------------------------------------
1.000 ± 0.000 -0.068 ± 0.075 0.881 ± 0.085 -0.239 ± 0.090 | Tau

1.000 ± 0.000 0.353 ± 0.071 0.069 ± 0.082 | Re
1.000 ± 0.000 -0.191 ± 0.089 | LWP

1.000 ± 0.000 | CTT �

��

�

�

Note that Re correlates significantly [at the 5-σ level !] only with LWP [blue], 
but not with Tau or CTT [red].  Tau correlates significantly with LWP and CTT, 
and CTT with LWP. 
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Here is a similar table of crossed correlations with the 32 points, only, 
outlined in the red box of Figure 1. 
 

Table IIb 
  
 Correlation Matrix with SE ~ 1/[df-4]1/2 

32 pixels, only, red outlined in Figure 1. 
 
�

�������Tau Re LWP CTT
--------------------------------------------------------------
1.000 ±±±± 0.000 0.729 ±±±± 1.000 0.955 ±±±± 1.000 0.298 ±±±± 0.192 | Tau

1.000 ±±±± 0.000 0.886 ±±±± 1.000 0.317 ±±±± 0.192 | Re
1.000 ±±±± 0.000 0.312 ±±±± 1.582 | LWP

1.000 ±±±± 0.000 | CTT

Note in IIb that CTT [cloud-top temperatures] correlate at 1-σσσσ only with Tau 
and Re [blue], and that only the 1st of these [Tau vs Re] was significant in 
Table IIa.   

Tables IIIa-c, below, displays the differences between the four variables 
[Tau, Re, LWP, and CTT] for all the data in figure 1, and .. respectively ..  
 
a) those data with cloud-top temperatures [CTT] greater than 0 Co

����that is, 
warm clouds only, and  b) those data with latitudes greater than 0 degrees 
Lat, that is, northern hemisphere only, and c) those data in the red-boxed 
subset of figure 1, only. 

Table IIIa 
 

<Tau(all)> - <Tau(CTT>0)> = 1.292 ± 0.71
<Re (all)> - <Re (CTT>0)> = -0.050 ± 0.62
<LWP(all)> - <LWP(CTT>0)> = 15.567 ±11.47
<CTT(all)> - <CTT(CTT>0)> = -10.395 ± 1.94

Table IIIb 
<Tau(all)> - <Tau(LAT>0)> = -0.731 ± 1.60
<Re (all)> - <Re (LAT>0)> = 0.158 ± 1.34
<LWP(all)> - <LWP(LAT>0)> = -2.906 ±11.59
<CTT(all)> - <CTT(LAT>0)> = 1.356 ± 4.08

Table IIIc 
<Tau(all)> - <Tau(RED-BOXED)> = -10.592 ± 4.41
<Re (all)> - <Re (RED-BOXED)> = 6.438 ± 1.56
<LWP(all)> - <LWP(RED-BOXED)> = -56.535 ±71.70
<CTT(all)> - <CTT(RED-BOXED)> = 13.652 ± 2.07
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The standard errors [SE] of the differences in these tables were calculated 
as: 

  SE(<A>-<B>) = {[SE(<A>)]2 +[SE(<B>)]2 }1/2 

Note in IIIa that all variables show significant differences between the full 
data set and those segregated for warm clouds, only, as expected. 

Note in IIIb, that none of the variables are significantly different at northern 
latitudes.  This result was expected too.  

Note in IIIc that the Red-Boxed pixels are significantly different from the set 
as a whole.  The sense of the differences is consistent with these pixels being 
from an active cumulo-nimbus cloud cell.  This result is novel. 

 

V.  Discussion 

Please look for a minute at Figure 2.  The two upper plots show the 
autocorrelations, r(d) as functions of bin separations, d.  The lower plot 
shows the probability distribution function of the number of data pairs in 
each bin.  Note in the upper-left plot that r(d) declines sharply at small d, 
then vacillates and grows noisily towards increasing hash at the extreme 
right, as the number of overlapping data pairs tends towards zero.  The 
upper-right plot expands the initially declining part of r(d) and shows a best-
fit function e-d/L from which, with equation [5], L is determined for Tau to be 
≈ 0.126 ± 0.026 degrees of global arc, or 14.0 ± 2.9 km. 

The plot in the lower-left of Figure 1 reveals 6-7 peaks, more or less 
uniformly separated by ~ 2 degrees [~220 km], which reflect the grouping of 
distinct cloud clusters shown in Figure 1.  The amplitudes of these peaks, 
that is, their numbers in each bin, declines toward zero at distances greater 
than ~ 5 degrees, and the corresponding noise in r(d) increases accordingly. 

The df, or 'effective degrees of freedom' from this plot [from Table I, about 
92 'independent observations'] should be considered a 'next higher 
approximation' [better than df = N].  It is likely an overestimate [by df ~ 2], 
owing to the clustering shown in Figure 1 and the lower-left plot of Figure 2. 

In this note I have restricted discussion to what is perhaps the simplest 
function of x, the mean.  To determine df for more complicated functions, 
such as logarithms or ratios or the slopes of lines, start with the recipe of 
equation [6a], as outlined in the Appendix. 
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VI.  An Algorithm: 
 
Here is a [slightly] simplified code, in Microsoft Professional Basic, v. 7.0.  
If you need help translating this to Fortran 90, write me at  
harrison@atmos.washington.edu.   
 
If you speak Perl or C, you're on your own. 

DEFINT I-N:
OPEN "DATAFILE" FOR INPUT AS #1
OPEN "DF.OUT" FOR OUTPUT AS #2
DIM x(700),y(700),Tau(700)

'READ DATA
WHILE NOT EOF(1)

N = N + 1
INPUT #1, x(N), y(N), Tau(N)

...WEND
ipr = 1
CALL GetDf (Tau(), x(), y(), N, Ngood, xL, nL, SExL, df, SEdf, AvgQ, SEQ, ipr)
END

SUB GetDf (Q(), x(), y(), N, Ngood, xL, nL, SExL, df, SEdf, AvgQ, SEQ, ipr)

'FINDS EFFECTIVE INFORMATION CONTENT [DEGREES OF FREEDOM, df]
'IN IRREGULARLY SPACED DATA Q(x,y)

''WITH Q(i) REGULARLY SEPARATED THIS ALGORITHM COLLAPSES TO
'DF = N [exp(-1/L) - 1] / [exp(-1/L) + 1]

'INPUT VARIABLES ARE
'Q() = data array. Q() = Q(x,y)
'This algorithm assumes default Q() data are -999
'x() = xLng() * COS(yLat()) for example
'y() = yLat() for example
'N = dimension of Q(),x(),y()
'ipr = a print control: prints stuff if ipr > 0

'OUTPUT VARIABLES ARE
'Ngood = number of non-default Q() [Q()<>-999]
'xL = <-d/r(d)> averaged correlation length
'nL = number of r(d) used to compute xL
'SExL = standard error of xL
'df = degrees of freedom of Q()
'SEdf = standard error of df [approximate]
'AvgQ = <Q> average of Q()
'SEQ = standard error of <Q>

IF N < 5 THEN
PRINT : PRINT "Number of observations must be >> 4."
PRINT "Press any key."
k$ = "": WHILE k$ = "": k$ = INKEY$: WEND
EXIT SUB
END IF

mailto:harrison@atmos.washington.edu
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DIM r(N), df(3)
'COUNT GOOD POINTS. FIND MIN AND MAX SPARATIONS.
dmin = 9E+30: dmax = -dmin: Ngood = 0
FOR i = 1 TO N:

IF Q(i) <> -999 THEN
Ngood = Ngood + 1
FOR j = i + 1 TO N

IF Q(j) <> -999 THEN
d = SQR((x(i) - x(j)) ^ 2 + (y(i) - y(j)) ^ 2)
IF d < dmin THEN dmin = d
IF d > dmax THEN dmax = d
END IF

NEXT
END IF

NEXT
Nbins = dmax / dmin:
IF Nbins > 150 THEN Nbins = 150
IF Nbins > Ngood THEN Nbins = Ngood
REDIM xb(Nbins), yb(Nbins), xx(Nbins), yy(Nbins), xy(Nbins)
REDIM xN(Nbins), xL(Nbins)

'FIND sums for r(k)
FOR i = 1 TO N

IF Q(i) <> -999 THEN
FOR j = i + 1 TO N

IF Q(j) <> -999 THEN
d = SQR((x(i) - x(j)) ^ 2 + (y(i) - y(j)) ^ 2)
k = d / dmin
IF k <= Nbins THEN
xb(k) = xb(k) + Q(i): yb(k) = yb(k) + Q(j)
xx(k) = xx(k) + Q(i) ^ 2: yy(k) = yy(k) + Q(j) ^ 2
xy(k) = xy(k) + Q(i) * Q(j): xN(k) = xN(k) + 1
END IF

END IF
NEXT

END IF
NEXT

'FIND r(k) and xL(k)
nL = 0: rmin = 1 / SQR(Ngood - 1)1
FOR k = 1 TO Nbins

IF xN(k) > 0 THEN
xb(k) = xb(k) / xN(k): yb(k) = yb(k) / xN(k)
xx(k) = xx(k) / xN(k): yy(k) = yy(k) / xN(k)
xy(k) = xy(k) / xN(k)
sx = (xx(k) - xb(k) * xb(k))
sy = (yy(k) - yb(k) * yb(k))
ier = 0
IF sx > 0 THEN sx = SQR(sx) ELSE ier = 1
IF sy > 0 THEN sy = SQR(sy) ELSE ier = 1
IF ier = 0 THEN r(k) = (xy(k) - xb(k) * yb(k)) / sx / sy
IF r(k) > rmin THEN

nL = nL + 1: r(nL) = r(k)
xL(nL) = -k * dmin / LOG(r)
ELSE
r(k) = -9:.if nL > 1 then EXIT FOR
END IF

END IF
NEXT
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'PRINT STUFF
f$ = "#### ##.### ##.##### ###.#### #####"
t$ = " k d r(k) L(k) N(k)"
IF ipr > 0 THEN

PRINT : PRINT #2, : PRINT t$: PRINT #2, t$
PRINT USING f$; 0; 0; 1; -9; -9
PRINT #2, USING f$; 0; 0; 1; -9; -9
FOR k = 1 TO nL

d = k * dmin
PRINT USING f$; k; d; r(k); xL(k); xN(k)
PRINT #2, USING f$; k; d; r(k); xL(k); xN(k)
IF k MOD 20 = 0 THEN INPUT dum
NEXT

END IF

'FIND <L>, SD, SE
IF nL > 0 THEN

xb = 0: xx = 0: wtsum = 0
FOR k = 1 TO nL

wt = xN(k)
wtsum = wtsum + wt
xb = xb + wt * xL(k)
NEXT

xL = xb / wtsum
FOR k = 1 TO nL: xx = xx + (xL(k) - xL) ^ 2: NEXT
SD = SQR(xx / nL)
IF nL > 1 THEN SExL = SD / SQR(nL - 1): ELSE SExL = SD
ELSE
xL = 0: SExL = -9: df = N - 1: SEdf = -9: GOTO GETQ
END IF

'PRINT STUFF
IF ipr > 0 THEN

PRINT : PRINT #2,
t$ = "######## = Good Data lines ":
PRINT USING t$; Ngood: PRINT #2, USING t$; Ngood
t$ = "######## = nL": PRINT USING t$; nL: PRINT #2, USING t$; nL
t$ = "###.#### = <L>": PRINT USING t$; xL: PRINT #2, USING t$; xL
t$ = "###.#### = SE(L)":
PRINT USING t$; SExL: PRINT #2, USING t$; SExL
END IF

REDIM df(5)
FOR k = 1 TO 3

df(k) = 0:
IF k = 1 THEN xLL = xL
IF k = 2 THEN xLL = xL + SExL
IF k = 3 THEN xLL = xL - SExL
FOR i = 1 TO N

IF Q(i) <> -999 THEN
sum = 0
FOR j = 1 TO N

IF j <> i THEN
IF Q(j) <> -999 THEN

d = SQR((x(i) - x(j)) ^ 2 + (y(i) - y(j)) ^ 2)
sum = sum + EXP(-d / xLL)
END IF

END IF
NEXT

df(k) = df(k) + 1 / (1 + sum)
END IF

NEXT
NEXT
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df = df(1)
SEdf = ABS(df(3) - df(2)) / 2 '<-- approximation

GETQ:'FIND <Q> AND SE(Q)
Qb = 0: QQ = 0:
FOR i = 1 TO N:

IF Q(i) <> -999 THEN
Qb = Qb + Q(i): QQ = QQ + Q(i) ^ 2:
END IF

NEXT
AvgQ = Qb / Ngood
d = QQ / Ngood - AvgQ ^ 2
IF d > 0 THEN SEQ = SQR(d / (df - 1)) ELSE SEQ = -9

'PRINT MORE STUFF
IF ipr > 0 THEN

t$ = "######## = All points:"
PRINT USING t$; N: PRINT #2, USING t$; N
t$ = "######## = Good points"
PRINT USING t$; Ngood: PRINT #2, USING t$; Ngood
t$ = "#####.## = df"
PRINT USING t$; df: PRINT #2, USING t$; df
t$ = "#####.## = SE(df)"
PRINT USING t$; SEdf: PRINT #2, USING t$; SEdf
t$ = "#####.## = <X>"
PRINT USING t$; AvgQ: PRINT #2, USING t$; AvgQ
t$ = "#####.## = SE(Q)"
PRINT USING t$; SEQ: PRINT #2, USING t$; SEQ
PRINT
INPUT "press any key "; dum
END IF

END SUB
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�

VI.  Appendix: 
 
A 'standard' recipe to estimate errors of functions of variables 
of evenly spaced, 1-dimensional data arrays. 
 
Given an array of evenly spaced observations 
 

  x(i) = x(1), x(2), x(3), ... x(N)    [1a] 
 
their average is    <x> = (1/N) ΣΣΣΣ x(i) ,  i = 1, N    [2a] 
 
The standard deviation [SD] of the probability distribution function   
of x(i) is 
 

 SD[x] = {(1/N) ΣΣΣΣ [x(i) - <x>]2}1/2  
                   = {<x2> - <x>2}1/2     [3a] 

 
and the standard error [SE] of <x>, assuming N independent measurements 
of x(i), is 
 

     SE[<x>] = SD[<x>] / [N -1]1/2      [4a] 
 
SD and SE are often confused.  The former, often abbreviated as σX, is the 
best current estimate of the width parameter of a Gaussian distribution of the 
N discrete measurements of x(i), transformed into a continuous variable, 
F(x). The latter, SE, confusingly sometimes also abbreviated σ, is the best  
a priori estimate of the width parameter of a Gaussian distribution of a set of 
subsequent averages, <x>, that are in fact not yet made, and likely will 
never be made, but only in the case where the lagged autocorrelation 
function  
 

r(j) = <x(i)x(i+j) -<x>2> / SD2.    [5a] 
 
is zero for all j ≠ 0  [From the definition of SD, [3], r(0) = 1]. 
 
The derivation of [4a] and the necessity [5a] are not obvious, and a 
digression is necessary to sustain them. 
 
Given a general function , F(x), and its expansion 
 
    dF = (∂F/∂x1) δx1 + (∂F/∂x2) δx2 + ...  

square both sides and average: 

 <dF>2 = (1/N) {Σi[∂F/∂x(i)]2 [δx(i)]2      i = 1, N [6a] 

    +   2ΣiΣj[(∂F/∂x(i))(∂F/∂x(j)] [δx(i)δx(j)] }   i,j≠i  1,N [6b] 
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For δx(i) substitute [x(i) - <x>], and for F(x) = <X> note that           
∂F/∂x(i)) = 1/N.  Substituting these into the top half of [6a] gives 

  d<F(x)>2 ≈ SD2 / N) , or  

               SE2[<x>] ≈ SD2[<x>] / N     [7a] 

This is just equation [2a], except that the latter substitutes [N – 1] to 
account for one degree of freedom that has been 'used up' in calculating 
<x>, in SD4,  

Equation [7a], however neglects the second half of equation [6a].   

With the approximation  ∂F/∂x(j) ≈ ∂F/∂x(i), rewriting δx(j) as δx(i+j), and 
recombining [6a]+[6b], we get  

   SE2[<x>] ≈ {SD2[<x>] / N }{1 + 2 Σj  r(j)}   j=1,N  [8a] 

In [8a] r(j) is "Pearson's lagged autocorrelation" function, equation [5a]. 
 
With geophysical data r(j), is most often NOT equal to zero, and the full form 
of [8a] is required.  Commonly, 

 
 r(j) ≈ e-(j/L) + residual harmonics + noise.   [9a] 

 
In [9a]  L    ≈ <-j / Ln[r(j)]>  j = 1 to Jmax   [10a] 
 
L is called the characteristic lag of the array x(i).   
 
With 1-dimensional, evenly spaced data that are auto-correlated with 
characteristic lag L, as in [10a], 
 
  Σ r(j) ≈ e-1/L + e-2/L + e-3/L + ...+ e-N/L 

 
The right-hand side of [11] is a geometric series, where each succeeding 
term is a constant fraction of the last one.  If N is large then  Σ r(j) ≈ e-1/L   
[1 – e-1/L]  and equation [8a] may be re-written as                    
 
  SE[<x>] = SD[<x>] / [df-1]1/2     [11a] 
 
where  df ≈ N [1 – e-1/L] / [1 + e-1/L]     [12a] 
 

For 1-dimensional evenly space data arrays, use [5] and [7] to estimate L, 
[8] to get df, and [9] to get SE.   

                                       
4 With other functions than a simple mean, K > 1 degrees of freedom must be 
subtracted from N.  For correlations between x(i) and y(i), for example, K = 4 to 
account for prior extraction of a mean and a standard deviation from both x(i) and 
y(i). 
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Figures: 

 
 Figure 1 

Pixelized image of MODIS photograph.  Each of 669 'super-pixels' averages 
Tau(i) from 1-25 'mini-pixels'.  The cluster of 32 'super-pixels red-outlined in 
the upper right-hand corner is expanded in Figure 3. 

 

 
 Figure 2 
 

Tau data from Figure 1.  The upper left image shows a spatially lagged 
autocorrelation function of 630 bins containing pairs of 'super-pixels' 
separated by increasing distances, d.  The upper right image expands the left 
image, with best-fit L for r(d) = exp(-d/L).  The lower-left image plots the 
number density of bin pairs. 
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Figure 3. 
   
Expanded pixel image of the outlined cluster in Figure 1/ 
Note that at this scale the pixels are NOT irregularly spaced, 
and that Moire patterns interfere with the distribution of r(d). 

 
 
 

 
Figure 4 
 
As in Figure 2, for data of Figure 3. 

 
�


