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ABSTRACT

Observationally motivated idealized initial-value problems of cyclogenesis are studied for quasigeostrophic
dynamics. The goals of this investigation are to assess the contributions of normal-mode and nonmodal growth
mechanisms and the influence of nonlinearity during incipient cyclogenesis. The initial condition is represented
by a coherent vortex superposed on a zero potential vorticity parallel flow. Nonlinear solutions are qualitatively
in accord with observations, producing typical deepening of the surface cyclone, an asymmetry in the strength
of the cyclone and anticyclone, and the formation of an upper-level front downstream from the cyclogenesis.
The growth rate for the projection of the model state vector onto the most unstable mode closely approximates
the linear value during the early stages of surface development. Nonlinear dynamics become important after
approximately 30 h, beyond which the modal-projection growth rate declines approximately 30%.

Linear solutions accurately approximate the intensity and zonal location of the surface cyclone, as well as
the asymmetry between the cyclone and upstream anticyclone. The development of the surface cyclone is
explained, almost entirely, by the projection onto the growing normal modes. The growing normal modes also
account for the development of a prominent ridge of high pressure that forms on the tropopause downstream
from the vortex. Nonmodal processes (the complementary subset to the growing normal modes) capture the
dispersion of the upper vortex but do not contribute to deepening the surface cyclone. The upper-level front is
captured by the linear solutions, and results from a favorable superposition between the growing normal modes
and the neutral modes. Tests reveal that surface development declines markedly for vortex length scales smaller
than those of observed precursor disturbances. This effect is attributed to a reduction in the vortex projection
onto the unstable normal-mode spectrum.

1. Introduction

Upper-level precursor disturbances are widely re-
garded as an important ingredient for the development
of extratropical surface cyclones, for example, the
‘‘Type-B’’ cyclones of Petterssen and Smebye (1971).
Existing theories for such developments involve either
baroclinic instability due to exponentially growing
modes having fixed structure, or transient amplification
due to rapidly growing modes having time-varying
structure. Here we report on an investigation into the
development of surface cyclones in response to upper-
level precursor disturbances that have large amplitude
and localized structure. The primary issues addressed
by this investigation concern the mechanism responsible
for the development of the surface cyclone, and the
importance of nonlinearity during incipient surface de-
velopment.

Life cycles of baroclinic waves originating from the
most unstable normal modes of a zonal jet have figured
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prominently in the understanding of extratropical cy-
clones. Following the pioneering linear analyses of
Charney (1947) and Eady (1949), normal-mode analysis
was generalized to incorporate spherical geometry, more
realistic basic states, and nonlinear dynamics (e.g., Sim-
mons and Hoskins 1976, 1977). Subsequently, recog-
nition that observed cyclones are often preceded by fi-
nite-amplitude upper-level precursor disturbances in-
spired interest in cyclogenesis as an initial-value prob-
lem. While Pedlosky (1964) confirms that growing
normal modes dominate the longtime limit of the initial-
value problem, Farrell (1982, 1984) demonstrates that
over the relatively short time period typical of observed
cyclogenesis, transient nonmodal growth can dominate
normal-mode growth. Furthermore, Farrell argues that
the structural transience that occurs during observed cy-
clogenesis cannot be explained by a single, fixed-form,
normal mode, but such transience is accounted for by
nonmodal disturbances. A brief discussion of the defi-
nition of nonmodal disturbance/growth will serve to
clarify the meaning of the term in this paper and place
the definition in historical context.

A nonmodal disturbance, as defined by Farrell (1984),
represents any disturbance that comprises more than a
single mode. The mode composition allows for transient
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growth of perturbation energy due to the nonorthogon-
ality of these modes with respect to energy (Held 1985).
Inclusion of Ekman dissipation reduces normal-mode
growth rates, yet nonmodal growth still operates and
allows for rapid amplification over short time intervals
(Farrell 1985, 1989a). This observation motivates a
stronger definition of nonmodal growth: amplification
due to the composition of two or more neutral (or de-
caying) modes. Such a definition forms the basis of
storm track theories formulated upon stochastic dynam-
ics of stable baroclinic systems (e.g., Farrell and Ioan-
nou 1995; Whitaker and Sardeshmukh 1998). Here we
adopt the stronger definition of nonmodal growth in our
study of cyclogenesis initial-value problems.

Two lines of research into the cyclogenesis initial-
value problem can be identified. One line involves ide-
alized numerical simulations using complex initial con-
ditions similar to those documented by observational
analyses, and the second line involves analysis of ide-
alized initial-value problems having only a few degrees
of freedom. Studies along the first line demonstrate that
realistic individual surface cyclones (as opposed to a
periodic wave train, as occurs with a single normal
mode) and attendant fronts result from localized upper-
level precursor disturbances (Simmons and Hoskins
1979; Takayabu 1991, 1992; Schär and Wernli 1993;
Rotunno and Bao 1996; Wernli et al. 1998).

While there is general agreement among studies in
the first line regarding the realism introduced by the
initial-value approach, there is little agreement along
the second line as to which growth mechanism, normal
mode or nonmodal, is responsible for such development.
Farrell (1994) suggests that nonmodal processes are
most relevant for rapid short-term growth. Zehnder and
Keyser (1991) find that tilted interior potential vorticity
anomalies in Eady’s model are conducive to rapid sur-
face development, which suggests the importance of
nonmodal growth since gradients of interior potential
vorticity in Eady’s model cannot be associated with the
normal modes. Grotjahn et al. (1995) perform experi-
ments with a four-component system and conclude that
the nonmodal growth mechanism requires the presence
of a growing normal mode. Rotunno and Bao (1996)
perform a hierarchy of numerical simulations on an ob-
served case of cyclogenesis and find that the growth
can be explained by a superposition of a growing and
a decaying normal mode.

Here we attempt to link the two aforementioned lines
of research. The investigations discussed previously ei-
ther examined solutions resulting from realistic initial
conditions without identifying the growth mechanism
or identified the growth mechanism, but for initial con-
ditions having only a few degrees of freedom. Here we
conduct an analysis that accounts for every degree of
freedom for a realistic initial condition. We forego mak-
ing a connection to individual observed events in favor
of a direct attack on the topics of interest; the curious
reader may consult Rotunno and Bao (1996) for an il-

lustration of the connection of such initial-value ap-
proaches to an individual cyclogenesis event. Back-
ground material on baroclinic instability can be found
in the review article by Pierrehumbert and Swanson
(1995), and a review of nonmodal growth and optimal
excitation can be found in Farrell (1994).

The remainder of this paper is organized in the fol-
lowing manner. Section 2 gives the methodology of this
study, including descriptions of linear and nonlinear
quasigeostrophic models, and the specification of initial
conditions. Solutions of initial-value problems for the
Eady (1949) jet and the Hoskins and West (1979) jet
are given in sections 3 and 4, respectively. Section 5 is
devoted to testing the sensitivity of the results to chang-
es in the initial conditions and inclusion of surface drag
in the form of an Ekman boundary layer. An alternative
explanation of the development in terms of a singular
vector basis is explored in section 6, and conclusions
are drawn in section 7.

2. Methodology

The program of research adopted here is organized
as follows. A nonlinear quasigeostrophic (QG) model
is used to simulate the evolution of an upper-level dis-
turbance in a baroclinic jet stream. Although certain
aspects of the surface development are highly nonlinear,
such as the formation of surface fronts and the poleward
migration of the surface cyclone, the deepening and
zonal location of the surface cyclone are accurately ap-
proximated by linear dynamics. This result motivates
use of a linear model, based upon the eigenvector-pro-
jection method, to investigate the relative contributions
from growing normal modes, and transient growth as-
sociated with neutral normal modes and the continuous
spectrum of neutral singular modes. The nonlinear and
linear models are discussed subsequently, followed by
the specification of initial conditions.

a. Nonlinear quasigeostrophic model

The QG model applies to a Boussinesq, constant N 2,
fluid with rigid horizontal boundaries at heights z 5 0,
1 on a doubly periodic Cartesian domain.1 Variables are
nondimensionalized according to Pedlosky (1987, sec-
tion 6), with dimensional values given in Table 1. The
Burger number, (NH/ fL)2, is taken to be unity, which
implies L ; LR, where LR is the Rossby radius, N is the
Brunt–Väisälä frequency, and f is the Coriolis param-
eter. The basic states considered in this paper are de-
scribed by the steady, zonally uniform, homogeneous
QG potential vorticity (QGPV) jets given by Hoskins
and West [1979, their Eq. (17); hereafter HW]. Pertur-

1 Rivest et al. (1992) have shown that introducing finite strato-
spheric stratification reduces the maximum linear growth rates for
the rigid-lid Eady (1949) model by approximately 30%.
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TABLE 1. Scaling parameters and dimensional values.

Variable Scaling Dimensional value

(x, y)
z
(u, y)
c
t
z, q

L ; NH/f
H
U
UL
L/U
U/L

1000 km
10 km
30 m s21

3 3 107 m2 s21

9.26 h
3 3 1025 s21

u
Q ULf00

g H
9.18 K

P
N2

f

r0 fUL
N2

f

30 hPa
1024 s22

1024 s21

bations to the basic state are governed by potential vor-
ticity dynamics over z 5 (0, 1),

5 2J(c9, q9) 2 U 2 db ,q9 q9 c9t x x (1a)

and Boussinesq buoyancy dynamics on z 5 0 and z 5
1,

5 2J(c9, u9) 2 U 2 u y 2 G¹2c9.u9 u9 c9t x x (1b)

In (1a,b), basic-state quantities are denoted by overbars,
perturbation quantities are denoted by primes, J(a, b) 5
axby 2 aybx represents nonlinear advection, db 5 bL2/U
measures linear dispersion against nonlinear advection,
and G is the Ekman boundary layer parameter; note that
G 5 0 for z 5 1. Subscripts denote partial differenti-
ation, and c9 gives the streamfunction. The perturbation
QGPV satisfies

q9 5 1 1 ,c9 c9 c9xx yy zz (2)

and u9 5 (g/f )u*, where u* is the perturbation po-u*00

tential temperature and is a reference value of po-u*00

tential temperature. Hereafter, the upper and lower
boundaries will be referred to as the tropopause and the
surface, respectively.

Equations (1a,b) are solved spectrally, with vertical
discretization on the Charney and Phillips (1953) grid,
and temporal discretization by a third-order Adams–
Bashforth scheme (Durran 1999). Advection terms are
handled by the alias-free spectral-transform method of
Orszag (1970), and the Ekman boundary layer is treated
explicitly. Nonperiodic variations in the basic state are
handled separately. A ¹4 hyperdiffusion is applied ex-
plicitly to q9 and u9, with the diffusion coefficient chosen
such that the smallest scale resolved by the model is
damped with an e-folding time of 10 time steps (ø167
s). This nonphysical hyperdiffusion has virtually no ef-
fect on the forthcoming results, aside from maintaining
smooth fields for plotting purposes.

The model domain is chosen to be 3 3 3.9118L ø
11 735 km long in x, 5.5319L ø 5532 km wide in y,
and H 5 10 km deep in z. With (128, 64, 21) resolved
grid points in (x, y, z), the dimensional grid resolution
(dx, dy, dz) is approximately (92, 86, 0.5) km.

b. Linear quasigeostrophic model

A linear QG model follows directly from (1a,b) by
neglecting the first term on the right-hand side of both
equations. However, issues concerning modal and non-
modal growth are framed explicitly by formulating an
independent linear model based on the eigenvector-pro-
jection method (e.g., Farrell 1982). The first step in the
method involves calculating the complete set of eigen-
vectors for a given basic state. For Eady’s basic state
(m 5 0 in the HW jet definition), which is independent
of y, the eigenvector problem is straightforward; it re-
sults from substituting

c9(x, y, z, t) 5 f (z)ei(K · X2st) (3)

into (1), discretizing in z, and numerically solving for
the discrete approximations to f (z). Three types of
modes result: unstable normal modes (growing and de-
caying), neutral normal modes, and neutral singular
modes [discrete approximations of the continuous spec-
trum; see, e.g., Pedlosky (1964)]; only the neutral sin-
gular modes have inhomogeneous QGPV.

For an initial condition in the form of a column vector
of vertical structure for a given K, C(t 5 0), the solution
at any time t is given by

21C(t; K) 5 ELE C(t 5 0; K)

5 L(t; K)C(t 5 0). (4)

Here, E is a matrix with column vectors containing the
eigenvectors, E21 is a matrix with row vectors contain-
ing complex conjugates of the normalized adjoint ei-
genvectors, and L is a diagonal matrix with entries con-
taining the eigenvalue exponentials ( ).2is tje

Although (4) applies to a single wavenumber vector,
linear superposition permits solutions for arbitrary
three-dimensional initial conditions. This is accom-
plished by taking x and y Fourier transforms of the initial
condition yielding C(t 5 0; K). The solution for all
time is then given by

K L

iK·Xc9(x, y, z, t) 5 L(t; K)C(t 5 0; K)e , (5)O O
k52K l52L

where the sums over exponentials are carried out by fast
Fourier transforms. Alternatively, (5) can be used to
partition the initial condition and determine the contri-
bution of each element of the partition to the total so-
lution at time t. The partitioning invoked here involves
two pieces: the contribution from growing normal
modes, and the contribution from all other modes; the
latter is defined here to be nonmodal growth, since it
involves a superposition of neutral and decaying modes
only.

Decomposition (3) applies only to basic states inde-
pendent of y. For jets with y structure, such as the HW
jet, a different solution method must be used to resolve
L since the perturbation fields are nonseparable in y and
z. Results for the HW jet, to be shown subsequently,
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FIG. 1. Plan views of the Eady control case at the tropopause [z 5 1, (a), (c)] and surface [z 5 0, (b), (d)]. Total potential temperature
(basic state plus perturbation) is plotted in bold solid lines every 5 K. Perturbation pressure is plotted in light lines in (b), (d) every 4 hPa.
The initial condition (t 5 0) is given in (a), (b), and solution at t 5 48 h is given in (c), (d). Tick marks are spaced every 978 km in x and
every 922 km in y. Arrows denote cross-section locations for Fig. 2.

illustrate a close similarity between solutions with and
without disturbance interior potential vorticity. This
similarity motivates using zero-QGPV L in (5) (with K
5 k, and a sum over k only) for perturbation solutions
on the HW jet; a method for obtaining L for zero QGPV
parallel shear flows is given in the appendix.

c. Initial condition

Observations show that precursor disturbances often
take the form of localized vortices having a radius of
approximately 500–800 km (Manobianco 1989; Tak-
ayabu 1991, 1992; Hakim 2000). The structure of the
vortices is manifest as a cold anomaly on the dynamic
tropopause, and a vertical column of anomalous cy-
clonic potential vorticity (Hakim 2000, his Figs. 9 and
10). These attributes are modeled here by a modified
second derivative of the Gaussian in the horizontal, and
a Gaussian in the vertical:

2 22 2(r /s) 2(z9/s )zq9(x, y, z, t 5 0) 5 Q (1 2 r )e e ; (6a)0

22 (2r /s)u9(x, y, z 5 1, t 5 0) 5 Q (1 2 r )e ; and (6b)0

u9(x, y, z 5 0, t 5 0) 5 0. (6c)

Here, r2 5 (x 2 x0)2 1 (y 2 y0)2 and z9 5 z 2 z0, with
x0 5 1.5L, y0 5 2.765L, and z0 5 1.0H. Parameter s
sets the horizontal disturbance length scale, defined as
the value of r for which (6b) attains the value e21Q0;
similarly, sz sets the vertical disturbance length scale.
For an unambiguous distinction between the basic state
and perturbations, the area and zonal means are removed
from (6) by setting these spectral components to zero;

this procedure results in a minor alteration to the ana-
lytical expressions given by (6).

Given the scaling parameters in Table 1, nondimen-
sional (dimensional) values for parameters in (6) are
chosen as follows: s 5 0.7 (700 km), sz 5 0.35 (3.5
km), Q0 5 3.0 (9 3 1025 s21), and Q0 5 22.2 (220
K). For this initial condition, the maximum disturbance
meridional wind speeds at the surface for initial con-
ditions with and without interior QGPV are 9.3 m s21

and 6.4 m s21, respectively.

3. Eady-jet solutions

The control case is given by the linear-shear Eady
(1949) basic state with db 5 0 and G 5 0 (no b effect
and no Ekman boundary layer). The initial fields show
a localized vortical precursor at upper levels, with two
closed contours of tropopause potential temperature (5
K contour interval; Fig. 1a). There is a minor reflection
of the upper-level vortex at the surface in the form of
a weak cyclone (Fig. 1b). This disturbance in the pres-
sure field can be removed from the surface by intro-
ducing a cold anomaly at the surface; however, this does
not qualitatively affect the solutions.

During the next 48 h, cyclogenesis occurs with the
low center deepening 224.3 hPa (Fig. 1d). An asym-
metry in the surface pressure field is observed, with a
strong cyclone and weak anticyclone due to the config-
uration of the initial condition, rather than the cyclone–
anticyclone asymmetry inherent to primitive-equation
dynamics and absent from QG dynamics (e.g., Snyder
et al. 1991). On the tropopause, the coherent vortex is



1 SEPTEMBER 2000 2955H A K I M

FIG. 2. Zonal cross sections for the Eady control case at (a) t 5 0
h, and (b) t 5 48 h. Perturbation QG potential vorticity is given by
heavy solid lines every 1 3 1025 s21, and perturbation pressure is
given by light lines every 4 hPa. The cross-section locations are
indicated by arrows in Fig. 1. Tick marks are spaced every 978 km
in x and every 1 km in z.

FIG. 3. Nondimensional growth rates as a function of time for the
Eady control case. See the text for norm definitions.

still apparent at 48 h; however, the flow around the
vortex has become highly perturbed (Fig. 1c). A ridge
of large values of potential temperature is found down-
stream of the vortex, with a nascent trough of small
potential temperature even farther downstream; a con-
centrated tropopause baroclinic zone from the ridge to
the trough is reminiscent of an upper-level front (e.g.,
Keyser and Shapiro 1986) near this new trough. These
downstream disturbances are consistent with down-
stream development from the initial disturbance (e.g.,
Simmons and Hoskins 1979; Chang and Orlanski 1993);
these downstream features will be discussed below in
an analysis of the linear dynamics.

Cross sections through the initial condition illustrate
the concentrated upper-level disturbance typical of ob-
served precursors (Fig. 2a). At 48 h, the upshear tilt to
the streamfunction field signals an energetically ampli-
fying disturbance (Fig. 2b). A remarkable feature in Fig.
2b is the vortical QGPV column, which retains a vertical
orientation despite being subject to constant basic-state
vertical shear for 48 h. Given the absence of vertical
advections in QG dynamics, one plausible explanation
for this phenomenon may be vertical alignment (e.g.,
Polvani 1991), where the influence of flow induced by
potential vorticity at different levels throughout the vor-
tex acts to offset tilting due to the background shear.

As a global measure of development, growth rates
are defined by G 5 (1/F)(dF/dt), where F is a norm.
Four norms are considered:

1) Energy (E):

1
2 2 2 2F 5 [(c9) 1 (c9) 1 (c9) ] dV;E x y z2

2) Streamfunction variance (L2):

2 2F 5 c9 dV;E
3) Potential enstrophy (V ):

1 1 1
2 2 2 2F 5 q9 dV 1 c9 (z 5 0) 1 c9 (z 5 1) ;E z z[ ]2 2 2

4) Modal projection (P):
2

2F 5 f(z)*ĉ9(z) dz .E) )
For the P norm, f (z) represents the vertical structure
of the most unstable mode adjoint eigenvector, and

represents the vertical structure of the Fourier har-ĉ9(z)
monic in the model that corresponds to the most unstable
mode; the asterisk denotes a complex conjugate. Energy
and potential-enstrophy growth rates increase rapidly,
with the energy growth rate approaching that of the most
unstable mode (G ø 0.3098) by 12–24 h, whereas
streamfunction variance lags considerably (Fig. 3). This
may be explained by the large streamfunction pertur-
bation in the initial condition, which results in a larger
denominator for L2 relative to E and V. The P norm
provides a measure of nonlinear dynamics for the most
unstable mode. Although this mode is part of a strongly
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FIG. 4. As in Fig. 1, except for the linear solution of the Eady
control case at t 5 48 h.

FIG. 5. Contribution of the growing normal modes to the full linear solution of the Eady control case. Plan views are given at the tropopause
[z 5 1, (a), (c)] and surface [z 5 0, (b), (d)]. Total potential temperature (basic state plus perturbation) is plotted in bold solid lines every
5 K. Perturbation pressure is plotted in light lines in (b), (d) every 4 hPa. The initial condition (t 5 0) is given in (a), (b), and solution at
t 5 48 h is given in (c), (d).

nonlinear vortex, its growth rate closely approximates
the linear value at the onset of development; after 48
h, the P growth rate is reduced ø30% from the linear
value.

A linear solution from the eigenvector-projection
method (5) at 48 h is given in Fig. 4. Features generated
or sustained by nonlinear dynamics, such as fronts, the

upper-level vortex, and the poleward migration of the
surface cyclone, are not captured by the linear solution.
However, the linear solution does give an accurate es-
timate of both the surface pressure decrease, 226.7 hPa,
compared to 224.3 hPa for the nonlinear model, and
the amplitude ratio of the cyclone to the anticyclone,
approximately 2.5 as compared to 2.5 in the nonlinear
model. Furthermore, the linear solution places the sur-
face cyclone at approximately the right zonal location
at 48 h (Figs. 1d, 4b). In the interior, the vortical QGPV
column tilts passively downshear over the 48-h period
(not shown). Given that the linear model provides a
close approximation to the deepening of the surface cy-
clone, we proceed to diagnose the linear solution by
partitioning into modal and nonmodal contributions.

Modal disturbances are defined here by the growing
normal modes (GNM), that is, modes having a positive
imaginary part of their eigenvalue, s; nonmodal dis-
turbances (NMD) are defined as the complementary sub-
set to the growing normal modes. Every degree of free-
dom resolved by the linear solution is accounted for
with this definition.

At the initial time, the GNM compose only a small
portion of the upper-level disturbance (Fig. 5a). By 48
h, the GNM evolve to account for most of the surface
structure, with the surface cyclone deepening 224.8 hPa
(Fig. 5d). Note that this projection involves a super-
position of 20 modes. The fact that these modes have
different wavenumbers, phase angles, and phase speeds
indicates that their sum has a structure changing with
time and is not accurately approximated by just the most



1 SEPTEMBER 2000 2957H A K I M

FIG. 6. As in Fig. 5, except for the contribution of the nongrowing modes to the full linear solution of the Eady control case.

unstable mode. One consequence of the superposition
effect, apparent in Figs. 5b,c, is a breaking of the sym-
metry inherent to the most unstable mode in isolation.
In contrast to the contribution from the growing normal
modes, the NMD compose the majority portion of the
the upper-level disturbance (Fig. 6a). By 48 h, the NMD
evolve to contribute very little in the way of surface
features; in fact, the original structure decays (Figs.
6b,d). The main contribution from the NMD is a field
of waves radiating away from the initial vortex (Fig.
6c).

Although nonlinear dynamics are responsible for
maintaining the integrity of the vortex core, the origin
of the downstream wave train can be explained by the
results from the linear analysis. The prominent down-
stream ridge is due almost exclusively to the GNM, and
the nascent downstream trough is due to the NMD. This
is as expected from the dispersion relationship, which
gives phase and group speeds increasing with wave-
number for modes having maximum amplitude near the
tropopause. An alternative explanation of these results
derives from a spatially localized framework, as op-
posed to a modal framework. A touchstone for the local
perspective is the linear solution for a localized impulse
in the longtime limit (e.g., Simmons and Hoskins 1979;
Farrell 1983). Temporal growth associated with the un-
stable normal-mode spectrum may be reexpressed in
terms of a spatial instability (real frequency and com-
plex wavenumber) that, for the Eady model, produces
growing short-wavelength disturbances at the leading
edge of a spreading wave packet.

Our analysis of the dynamics of an observationally
motivated initial-value problem shows that only a small
fraction of the complex initial condition is important for

surface development—the growing normal modes. This
result contradicts the results of Farrell (1985, in partic-
ular, see his Figs. 2 and 3), who studied a two-dimen-
sional (x–z) initial-value problem and found that tran-
sient nonmodal growth explained development. Al-
though we have not yet included an Ekman layer, we
note in advance that we find the same results in that
case. For the Ekman layer case, we use the same value
for the turbulent viscosity coefficient as Farrell, how-
ever, we include an Ekman layer at the surface whereas
Farrell includes an Ekman layer at both the surface and
tropopause. Another source of discrepancy is the struc-
ture of the initial condition: our precursor disturbance
is concentrated near the tropopause, whereas Farrell’s
disturbance is symmetric in z with maximum amplitude
in the midtroposphere.

In the following two sections, the more severe ide-
alizations of the present section will be relaxed to il-
lustrate that these results extend to more realistic jet
streams, as well as to different configurations of the
initial condition. These generalizations involve more re-
alistic jet streams; include surface Ekman layers; and
vary the location, size and strength of the initial vortex.

4. Hoskins–West jet solutions

The initial condition for disturbance (6) on the HW
jet is given in Figs. 7a,b. The primary difference from
the Eady jet initial condition is a realistic meridional
restriction of the basic-state baroclinic zone, and hence
a localization of the jet stream to the middle of the
domain. The nonlinear solution at 48 h (Figs. 7c,d) is
qualitatively similar to the nonlinear solution for the
Eady basic state, with the following differences: the
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FIG. 7. Plan views of the Hoskins–West control case at the tro-
popause [z 5 1, (a), (c), (e)] and surface [z 5 0, (b), (d), (f )]. Total
potential temperature (basic state plus perturbation) is plotted in bold
solid lines every 5 K. Perturbation pressure is plotted in light lines
in (b), (d), (f ) every 4 hPa. The initial condition (t 5 0) is given in
(a), (b), and solution at t 5 48 h is given in (c), (d). (e), (f ) give the
solution at t 5 48 h for an initial condition with zero interior QG
potential vorticity.

cyclone deepens 216.8 hPa as compared to 224.3 hPa
for the Eady jet cyclone; the asymmetry between cy-
clone and anticyclone is more pronounced than for the
Eady jet cyclone; and the upper-level front that forms
downstream of the upper-level disturbance is stronger—
in fact, it is the strongest front in the domain. Note that
the large-scale rotation of the isotherms is due to the
projection of the initial condition onto the (k 5 1, l 5
0) spectral components. Note also that the results are
not sensitive to the periodicity in y; experiments with
domains twice as wide produce very similar results for
both the nonlinear simulations and the eigenvector de-
compositions.

As a test of the importance of the column of interior
QGPV, this part of the initial condition is set to zero
(Q0 5 0.0), which restricts the upper disturbance to the
tropopause buoyancy field. The initial fields appear only
slightly changed from the HW control case (not shown).
The solution at 48 h is similar to the case with interior
QGPV, but with a slower surface development (Figs.
7e,f); however, after 60 h, the cyclone deepens 217.0
hPa and the solution appears very similar to the case
with interior QGPV (not shown). The temporal behavior
of the E, V, and L2 growth rates is qualitatively similar
to those for the Eady jet. However, here the V norm has
the largest growth rate, exceeding the linear growth rate
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FIG. 8. As in Fig. 3, except for the initial condition with zero interior
QG potential vorticity on the Hoskins–West basic state (see Figs.
7e,f).

FIG. 9. As in Fig. 4, except for the linear solution for the initial
condition with zero interior QG potential vorticity on the Hoskins–
West basic state at t 5 48 h.

of the most unstable mode (curve ‘‘A’’ in Figs. 8a and
A1). The P norm exhibits a steady growth rate slightly
less than the linear value, until approximately 32 h when
it starts to decline; this decline marks the onset of sig-
nificant nonlinear interaction with other modes.

For completeness, we note that an analysis was per-
formed with u9 5 0 on the tropopause and the magnitude
of the interior QGPV doubled (Q0 5 6.0). The results
show a surface development very similar to Figs. 7e,f,
with the cyclone deepening 211.0 hPa by 48 h (not
shown). For the Eady jet, a similar experiment yields
215.6 hPa surface deepening, and the eigenmode de-
composition shows that all of the deepening is due to
the set of growing modes. Thus, the vortical QGPV
column can be viewed as an accelerant to the devel-
opment, with the essential dynamics captured with ho-
mogeneous interior QGPV. We proceed with an ex-
amination of the linear solution for the HW homoge-
neous interior QGPV case.

As was the case for the Eady jet cyclone, the linear
solution captures the essence of the cyclone deepening
but does not capture features that arise from strongly
nonlinear dynamics, such as surface fronts, the poleward
migration of the cyclone, and the persistence of the
coherent vortex (Fig. 9). Curiously, the linear solution
does capture an approximation to the strong upper-level
front downstream of the tropopause disturbance (Fig.
9a). The contribution from the GNM at the initial time
is slight (Figs. 10a,b), but by 48 h this contribution
accounts for the entire surface development (Fig. 10d);
the GNM are also responsible for the downstream ridge

on the tropopause (Fig. 10c). The NMD contribute most
of the structure of the initial condition (Figs. 11a,b), but
by 48 h, they lead to decay at the surface (Fig. 11d);
the NMD are responsible for the dispersive downstream
waves on the tropopause (Fig. 11c).

By generalizing the basic state to a realistic localized
jet stream, the main results from the Eady jet solutions
are qualitatively confirmed. The conclusions given at
the end of the preceding section hold with this gener-
alization, with the follow clarification. A strong tro-
popause (or, upper level) front forms in northwesterly
flow downstream of the tropopause vortex. This front
is captured by linear dynamics, and appears to be the
result of a superposition of the baroclinically growing
normal modes, and neutral modes that have propagated
downstream from the tropopause vortex.

5. Test cases

The control solution for the Hoskins–West jet (here-
after HWC) applies for the disturbance definition and
parameter settings given at the end of section 2c. The
first test case involves the introduction of an Ekman
boundary layer at the surface. The Ekman boundary
layer parameter is given by

1/21 n
G 5 ,1 2eH 2 f

where e is the Rossby number and n is the vertical
turbulent viscosity coefficient. For the parameters given
in Table 1, e 5 0.3, and we choose n 5 10 m2 s21

(Farrell 1985), which gives G 5 0.0745. Regarding ap-
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FIG. 10. As in Fig. 5, except for the initial condition with zero interior QG potential vorticity on the Hoskins–West basic state.

FIG. 11. As in Fig. 6, except for the initial condition with zero interior QG potential vorticity on the Hoskins–West basic state.

propriate values for n, Lin and Pierrehumbert (1988)
recommend n 5 1–5 m2 s21 over ocean and n 5 5–50
m2 s21 over land; thus, the chosen value is consistent
with rough ocean or relatively smooth land surface con-
ditions, respectively.

The solutions with the Ekman boundary layer are
very similar to HWC, particularly on the tropopause;
however, the surface development is slowed such that
by 48 h, the surface cyclone deepens 26.1 hPa, com-
pared with 216.8 hPa for HWC (Fig. 12a, Table 2). A

decomposition of the linear solution for the Ekman test-
case solution into modal and nonmodal disturbances
yields the same interpretation as for HWC: the growing
normal modes account entirely for the surface devel-
opment (not shown). Increasing n to 30 m2 s21 as sug-
gested by Gill (1982), which is consistent with a rough
land surface (Lin and Pierrehumbert 1988), produces a
weakening cyclone (i.e., the surface pressure increases)
at 48 h, although the energy and potential enstrophy
norms amplify modestly due to stirring of the boundary
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FIG. 12. Solution at t 5 48 h for test cases of disturbances on the Hoskins–West jet: (a) Ekman layer at z 5 0 with G 5 0.0745; (b)
vortex position is displaced 1000 km north of the control case in the initial condition; (c) an initial disturbance 50% smaller than the control
case (s 5 0.35); and (d) an initial disturbance 50% larger than the control case (s 5 1.05).

TABLE 2. Properties of solutions: 48-h pressure change (hPa) at the
surface cyclone center [DP 5 Pmin(t 5 48 h) 2 Pmin(t 5 0)], mean
growth rate of streamfunction variance norm (L2), mean growth rate
of energy norm (E ), and mean growth rate of potential enstrophy
norm (V). The mean growth rate of f (t) over time interval t is given
by t21 ln[ f (t)/ f (0)]. All growth rates are nondimensional and t 5
48 h.

Case DP L2 E V

Eady, control
Hoskins–West, control
Eady, linear
Eady, growing normal modes
Eady, nongrowing modes
Hoskins–West, no QGPV
Hoskins–West, linear
Hoskins–West, growing normal

modes
Hoskins–West, nongrowing

modes
Eady, db 5 0.5
Hoskins–West, Ekman layer
Hoskins–West, displace vortex
Hoskins–West, small vortex
Hoskins–West, large vortex
Hoskins–West, upshear tilt

224.3
216.8
226.7
224.8

7.9
212.0
212.0
212.6

5.9

26.7
26.1

212.6
27.6

217.3
216.9

0.08
0.05
0.10
0.17

20.13
0.05
0.05
0.09

20.08

0.04
0.00
0.05
0.06
0.09
0.05

0.25
0.18
0.26
0.17

20.11
0.17
0.18
0.09

20.08

0.15
0.14
0.16
0.17
0.12
0.18

0.18
0.13
0.31
0.17

20.09
0.20
0.21
0.09

20.08

0.16
0.10
0.11
0.09
0.06
0.13

buoyancy fields. By 65 h, the surface cyclone deepens
23 hPa; the Ekman damping is mainly dilating the de-
velopment timescale by reducing the growth rates of the
unstable modes (Fig. A1).

Displacement of the vortex center 1000 km north of
the jet center gives a solution qualitatively similar to
HWC (cf. Figs. 12b, 7d), and all measures of devel-
opment for this case compare closely with HWC (Table

2). An initial vortex that is 50% smaller than the control
case produces much slower surface development than
the control, with a 48-h pressure fall less than half that
of the control (Fig. 12c, Table 2). An initial vortex that
is 50% larger than the control case produces a surface
development comparable to the control, with a 48-h
pressure fall 0.5 hPa greater than the control (Fig. 12d,
Table 2). Interestingly, the surface cyclone at 48 h for
the ‘‘large’’ test case is actually smaller scale than the
control (cf. Figs. 7d, 12d). These results suggest that
upper disturbances with scales on the order of and larger
than the control case (i.e., a vortex radius of ;500 km
or larger) can induce robust surface development,
whereas smaller disturbances cannot. As noted previ-
ously, the large-scale rotation of the isotherms is due
to the projection of the initial condition onto the (k 5
1, l 5 0) spectral components.

The prominent role played by the growing normal
modes motivates relating the vortex-scale results to the
normal modes. This is achieved by comparing the initial
projection onto the most unstable mode for the small-
and large-vortex test cases with the control case; the
projections are normalized by the control-case projec-
tion. The small and large vortex projection coefficients
are 0.41 and 1.71, respectively. This result indicates that
the projection onto the most unstable mode does not
scale linearly with vortex size. The heavier penalty on
the smaller vortices may be the reason for the much
weaker development observed for the small-vortex test
case.

Introducing a tilt to the initial QGPV distribution by
changing the definition of r2 in (6a) to r2 5 (x 2 x0 2
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FIG. 13. Plan view of the most unstable mode at z 5 0 for the
Hoskins–West jet with a zonally varying Ekman layer. Although the
mode amplitude is arbitrary, for the chosen amplitude the total po-
tential temperature (basic state plus perturbation) is plotted in bold
solid lines every 5 K, and perturbation pressure is plotted in light
lines every 4 hPa. The heavy line denotes the location where the
Ekman parameter jumps from G 5 0 to G 5 0.149.

FIG. 14. Linear solutions at t 5 48 h for the Hoskins–West jet with
a zonally varying Ekman layer: (a) full linear solution and (b) leading
six growing normal modes. Total potential temperature is plotted in
bold solid lines every 5 K, and perturbation pressure is plotted in
light lines every 4 hPa.

[z 2 1])2 1 (y 2 y0)2 yields solutions that are very
similar to the Hoskins–West control case (Fig. 7; Table
2). Adding the b effect to the Eady control case by
setting db 5 0.5 significantly reduces the surface pres-
sure drop; however, energy and enstrophy still grow
modestly over the 48-h period (Table 2).

Finally, we explore the possibility that the success of
the growing normal modes in explaining the surface
developments in these cases is due to the periodicity of
the modes in the zonal direction; observations clearly
show that the storm tracks of the Northern Hemisphere
are zonally confined to the Pacific and Atlantic Ocean
basins (e.g., Lau 1979). Here we assume a simple land–
ocean distinction by allowing the Ekman parameter to
be a function of x:

0 x , 1.5 3 3.9118
G(x) 5 50.149 x $ 1.5 3 3.9118.

The choice G 5 0.149 corresponds to a turbulent vis-
cosity coefficient of n 5 40 m2 s21 and gives a zonal
mean value for the Ekman parameter that is identical
to the first test case discussed previously. The numerical
procedure follows the recipe outlined in the appendix,
with the added complication of expanding both the Ek-
man parameter and disturbance structure in Fourier se-
ries over x. The most unstable mode possesses a local-
ized structure at the surface, with maximum amplitude
at the downstream edge of the undamped region (Fig.
13). Note also that the local zonal and meridional length
scales of the pressure cells increase from west to east,
which is due to the stronger damping of small scales.
These properties are also noted for the normal modes
of the observed time–mean flow in spherical geometry
(Frederiksen 1983; Molteni and Palmer 1993; Hall and
Sardeshmukh 1998). In particular, the nondimensional
growth rate of the most unstable mode, 0.15, compares
with 0.15 and 0.17 for the most unstable mode of the
1979–89 December–January–February mean basic state

of Hall and Sardeshmukh (1998) and the 1978 January
mean basic state of Frederiksen (1983), respectively.
Furthermore, Whitaker and Barcilon (1992) find a nor-
mal-mode growth rate of 0.24 for an idealized two-
dimensional zonally varying flow calculation. Although
the present analysis represents a crude approximation
to the actual zonal asymmetry present in the wintertime
Northern Hemisphere circulation, neglecting the zonal
variations in baroclinicity, it does capture the basic el-
ements of more sophisticated analyses.

Due to the size of the matrix problem for the zonally
varying basic state, the resolution for the eigenvector
projection calculations is reduced to (32, 16) wave-
numbers in (x, y); tests using the spectral model based
on integrating the linearized form of (1) at higher res-
olution indicate that the lower-resolution results, in Fig.
14, are a faithful approximation of the actual solution.
The surface pressure for the cyclone in the full nonlinear
solution deepens 210.3 hPa by 48 h (not shown), com-
pared to 210.6 hPa for the linear solution (Fig. 14a).
The contribution from the leading six growing normal
modes describe the development, producing a cyclone
that deepens 212.0 hPa (Fig. 14b). In summary, the
basic results captured with the classic linear Eady model
generalize to concentrated jet streams supporting local-
ized modes: the incipient growth for the initial condi-
tions considered here is nearly linear and is explained
by the growing normal modes.
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FIG. 15. Cross sections of perturbation pressure (every 4 hPa) for the leading 20 amplifying L2 singular vectors (a), (b) and the 20 growing
normal modes (c), (d) for the linear Eady solution at (a), (c) t 5 0, and (b), (d) t 5 48 h. The cross sections are taken along the middle of
the domain.

6. Singular-vector projections

Although the development is concisely described in
the cases shown here by the set of growing normal
modes, we entertain the possibility that a different basis
may offer alternative insights into the nature of the so-
lutions. Given the relatively rapid growth over 48 h,
singular vectors are an obvious choice; singular vectors
optimize linear disturbance amplification for given flow,
norm, and time interval (e.g., Farrell 1989b; Borges and
Hartmann 1992; Mukougawa and Ikeda 1994). Here we
apply the method to the Eady jet; the singular vectors
for this flow are given by the solution of

Mv 5 lv, (7)

where M 5 W21L*(t)WL(t), W defines the norm, L is
given by (4), and a superscripted asterisk denotes a con-
jugate transpose matrix. Note that the eigenvalue l gives
the square of the singular-vector amplification over time
period t . Here, we use the L2 norm, which means that
W is the identity matrix; similar results are obtained for
the E norm (not shown). Note that unlike the Eady
eigenvectors, the singular vectors are orthogonal in the
chosen norm.

An entire set of singular vectors are calculated, cor-
responding to the chosen spectral resolution. In an at-
tempt to draw a close analogy with the normal-mode
projections (Fig. 5), the following procedure is em-
ployed. An ordered set (largest to smallest) of singular-
vector projection coefficients is determined for the ini-
tial condition. The ‘‘leading singular vectors’’ initial
condition is defined by the leading 20 growing (l . 1)
ordered singular vectors. Since singular vectors have

fine vertical structure (Mukougawa and Ikeda 1994), the
resolution used here is 64 3 32 horizontal wavenumbers
and 51 vertical levels; tests with 101 vertical levels give
very similar results.

At the initial time, the leading singular vectors have
an upshear-tilted structure, with much of the tilt con-
centrated near the boundaries (Fig. 15a). Note that the
QGPV is not contoured in the cross section because of
an enormous amount of finescale vertical structure that
overwhelms the plot. After 48 h, the leading singular
vectors have evolved to a structure that somewhat re-
sembles the contribution of the growing normal modes,
but with a broader zonal length scale (cf. Figs. 15b,d).
The surface pressure deepens 218.8 hPa, compared to
226.7 hPa for the linear control, and 224.8 hPa for the
growing normal modes.

The conclusion for this limited application of a spe-
cific set of singular vectors is that the singular vector
basis requires more degrees of freedom than the growing
normal modes to fully capture the development. More-
over, these vectors confirm that the most important
structures in this problem are the the growing normal
modes. In fact, when the growing normal modes are
filtered from the singular vectors, the surface pressure
due to the leading singular vectors deepens only 25.3
hPa. These results are due to two factors. First, the
growing normal modes project very broadly onto the
singular-vector basis so that a portion of the normal
mode contribution is lost by retaining only the leading
20 degrees of freedom. Second, the singular-vector basis
comprises 50% growing vectors as compared to the
Eady basis, which comprises roughly 0.01% growing
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vectors; that is, the Eady basis has a very compact sub-
space that captures the growth aspects of this cyclo-
genesis problem. However, since the modes in the Eady
basis are not orthogonal with respect to energy, this
result may not apply to situations where NMD are im-
portant; in such cases a singular-vector basis may pro-
vide a simpler explanation of development (Farrell
1989b, 1994).

7. Conclusions

This study addresses the initial value problem of bar-
oclinic jet streams, with the goal of identifying the
growth mechanism for the frequently observed type of
surface cyclogenesis that occurs in response to a vortical
upper-level precursor disturbance (e.g., Manobianco
1989; Takayabu 1991, 1992; Hakim 2000). This study
aims to link previous studies that have shown realistic
idealized cyclones result from localized initial condi-
tions with other studies that address modal and non-
modal growth mechanisms using low-dimensional lin-
ear dynamics. A second objective of this study is to
assess the importance of nonlinearity on the incipient
cyclogenesis. A hypothesis at the onset of this work was
that the strong nonlinearity inherent in the vortical pre-
cursor may affect the growth rates of the linear modes
to the extent that the cyclogenesis may have little to do
with the linear growth rates of the unstable modes.
Based on the results reported here, this hypothesis is
rejected. One interpretation of this result considers the
far-field influence of the upper-level vortex. Near the
vortex, the dynamics are highly nonlinear; however, at
the lower boundary the vortex fields, and hence the
surface development, are nearly linear.

The tools used in this study consist of a nonlinear
spectral quasigeostrophic model, and a linear spectral
eigenvector-projection quasigeostrophic model. The ba-
sic states are given by a linear shear profile independent
of y [the Eady (1949) jet], and a meridionally localized
jet [the Hoskin and West (1979) jet]. The initial con-
dition is defined as a coherent vortex, having closed
material lines and signatures in the tropopause potential
temperature and the interior quasigeostrophic potential
vorticity fields. Nonlinear solutions for the vortical ini-
tial condition produce a surface cyclone over 48 h that
is qualitatively similar to observations. One surprising
result concerns the vortical column of QGPV, which
retains a vertical orientation despite being subject to
constant vertical shear. This behavior is a characteristic
noted in observations, and does not carry over to the
linear solutions, which exhibit passive downshear tilting
of the vortical QGPV column. One possible explanation
for this behavior is the vortex-alignment process; how-
ever, further investigation into this phenomenon is need-
ed. Growth rates over the 48-h period show that stream-
function-variance growth lags energy and potential en-
strophy growth, although all growth rates are below the
linear value for the most unstable mode. This result

suggests that global measures of growth are perhaps not
the best descriptors of local development (cf. Davies
and Bishop 1994). The time-dependent growth rate of
the most unstable mode, obtained by projecting the mod-
el state vector onto the most unstable mode at each time
step, shows that the growth rate is close to the linear
value for approximately the first 30 h, after which the
growth rate of that projection declines significantly.

As suggested by the modal-projection growth rate,
the linear solutions accurately approximate the surface
development, placing a cyclone in the right zonal lo-
cation with nearly the same pressure as for the nonlinear
solution. A decomposition of the linear solution in terms
of growing normal modes and nonmodal disturbances
shows that the growing normal modes explain nearly
all of the surface development, and that the nonmodal
disturbances explain wave radiation from the tropopause
vortex. The fact that the unstable modes compose only
a minority fraction of the precursor vortex suggests the
interpretation that they are ‘‘masked’’ by the vortex until
conditions are encountered for which the instability can
be realized; that is, the vortex is a carrier of a seed
disturbance.

The present results also provide insight into synop-
tically interesting disturbances that form on the tropo-
pause downstream from the initial vortex. A developing
ridge downstream of the initial tropopause disturbance
is due primarily to the growing normal modes, consis-
tent with the results of Chang and Orlanski (1993). Fur-
thermore we find that the formation of an upper-level
front is due to a favorable superposition of the growing
normal modes and neutral modes that have propagated
downstream from the tropopause vortex. Although our
interest here has been on the details of the short-term
evolution, it is worth noting that these downstream fea-
tures represent the nascent evolution of a developing
wave packet (e.g., Pierrehumbert 1984; Swanson and
Pierrehumbert 1994).

Experiments for disturbances on the Hoskins–West
jet involving an Ekman boundary layer at the surface
show a reduction in the surface development by roughly
60% in terms of surface pressure, and roughly 20% in
terms of global energy and potential-enstrophy growth
over 48 h. A linear analysis shows that the surface de-
velopment is still explained entirely in terms of the
growing normal modes. It appears that the Ekman
boundary layer is simply slowing the development rath-
er than changing the mechanism; that is, the slowdown
does not lead to a shift in the development from normal-
mode growth to non-modal growth. This result is found
to hold for the more general case where the Ekman layer
and modes are zonally varying. Changes in the vortex
strength also simply change the time scale for devel-
opment. The chosen disturbance parameters are believed
to be typical of precursor disturbances (Hakim 2000);
stronger disturbances will shorten the development
timescale and weaker disturbances will lengthen the de-
velopment timescale.
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Experiments involving a displacement of the vortex
from the jet axis and tilting the vortex in the vertical have
little effect on the solution. Changing the vortex scale
has a dramatic effect: vortices smaller than the control
case develop cyclones much more slowly, whereas larger
vortices develop cyclones comparably to the control. This
suggests that the scale of the upper precursor is a param-
eter of fundamental interest because it controls the mag-
nitude of the projection onto the unstable spectrum. This
conclusion may be slightly sensitive to the precise def-
inition of the precursor (i.e., the relationship between the
potential vorticity and streamfunction).

An alternative interpretation of the development is giv-
en in terms of a singular-vector basis. The results show
an initial disturbance that is highly tilted, particularly near
the boundaries, which evolves to a structure locally re-
sembling the most unstable mode. However, the set of
amplifying singular vectors does not capture as much of
the surface development as the growing normal modes,
and are in some sense ‘‘less efficient.’’ This inefficiency
stems from the broad projection of the unstable modes
onto the singular vector basis, and the fact that a much
larger fraction of the singular vector basis supports am-
plification as compared to the Eady basis.

Although the initial condition is motivated by obser-
vations of cyclogenesis precursor disturbances and the
primary results of this study are shown to hold over a
wide range of experiments, caution must be exercised
in extending the conclusions directly to observations.
One potential uncertainty concerns the representative-
ness of the assumed jet structure and the stability of
observed atmospheric flows. For example, Hall and Sar-
deshmukh (1998) argue that for realistic damping pro-
files, the time–mean wintertime flow in the Northern
Hemisphere is baroclinically stable. Given that we find
no development for our initial condition when the basic-
state flow is stabilized suggests a need for closer scrutiny
of precursor disturbance structure and stability analyses
of basic-state flows for individual observed cyclogenesis
events. Last, we note that there is no specification in
this work as to the origin of the initial condition. It is
assumed that the coherent vortex came from somewhere
upstream, perhaps from over polar regions where large

stratification prevented it from influencing the surface.
The origin and dynamics of these disturbances are there-
fore open and important questions, since these features
carry the seed that germinates upon encountering the
proper environment.
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APPENDIX

Eigenanalysis of Zero QGPV Parallel Flows

Substituting c9(x, y, z, t) 5 f (y, z)ei(kx2st) into the lin-
ear forms of (1a,b), and assuming q9 5 0, yields

2f 1 f 2 k f 5 0; (A1a)yy zz

2[U(y, z) 2 s]f 1 kfQ (y, z) 5 iG(f 2 k f)z y yy

(z 5 0); (A1b)

[U(y, z) 2 s]f 1 kfQ (y, z) 5 0 (z 5 1). (A1c)z y

Following Hoskins and West (1979), we set
N

2ialyf(y, z) 5 e [A coshK z9 1 B sinhK z9], (A2)O l l l l
l52N

where 5 k2 1 a2l2, z9 5 z 2 ½, and a 5 1.1358.2K l

Functions U(y, z) and Qy(y, z) are also expanded in Fou-
rier series. Making these substitutions into (A1), mul-
tiplying by , and integrating over y, givesial ype

a b A Ap,j p,j p p5 s . (A3)[ ][ ] [ ]c d B Bp,j p,j p p

Here, Ap and Bp are column vectors of size 2N. The
submatrices are given by

K K Kil l lj j p1 0 1 0ˆ ˆ ˆ ˆa 5 A K (U 1 U ) sinh 1 (Q 2 Q ) cosh 2 GK coth ; (A4a)p,j p l i i yi yi lj p1 2 1 2 1 2[ ]2 2 2 2

K K il lj j1 0 1 0ˆ ˆ ˆ ˆb 5 A K (U 2 U ) cosh 1 (Q 1 Q ) sinh 1 GK ; (A4b)p,j p l i i yi yi lj p1 2 1 2[ ]2 2 2

K K il lj j1 0 1 0ˆ ˆ ˆ ˆc 5 B K (U 2 U ) sinh 1 (Q 1 Q ) cosh 1 GK ; (A4c)p,j p l i i yi yi lj p1 2 1 2[ ]2 2 2

K K Kil l lj j p1 0 1 0ˆ ˆ ˆ ˆd 5 B K (U 1 U ) cosh 1 (Q 2 Q ) sinh 2 GK tanh . (A4d)p,j p l i i yi yi lj p1 2 1 2 1 2[ ]2 2 2 2
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FIG. A1. Nondimensional growth rates for the Hoskins–West jet
with an Ekman layer. Curve ‘‘A’’ corresponds to n 5 0 (no Ekman
layer); curve ‘‘B’’ corresponds to n 5 10 m2 s21; and curve ‘‘C’’
corresponds to n 5 30 m2 s21.

The indices satisfy i 5 p 2 j; hats denote Fourier
coefficients; superscripts 1 and 0 denote z 5 1 and z
5 0, respectively; and the coefficients Ap and Bp are
given by

21KlpA 5 k 2K sinh ; (A5a)p lp 1 2[ ]2
21KlpB 5 k 2K cosh . (A5b)p lp 1 2[ ]2

If Qy(y, z) is not known analytically, a variant of (A4)
is obtained by Fourier expanding Q(y, z) and by
replacing every occurrence of by . Equationˆ ˆQ ilaQy

(A3) is solved using the LAPACK FORTRAN subrou-
tine library. The inverse of the eigenvector matrix gives
E21 in Eq. (4).

The growth rate curves for the most unstable mode
of the full Hoskins–West jet are given in Fig. A1 for G
5 0, G 5 0.0745, and G 5 0.1291, corresponding to n
5 0, n 5 10 m2 s21, and n 5 30 m2 s21, respectively.
Ekman pumping preferentially damps the growth rates
at higher wavenumbers; however, modest growth rates
remain even for large values for the vertical turbulent
viscosity coefficient (Fig. A1; curve ‘‘C’’). Note that
the curves in Fig. A1 apply for the most unstable mode
for a given wavenumber; different modes may contrib-
ute to the curve as a function of wavenumber.
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