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[1] A novel algorithm is described for the assimilation
of time-averaged observations. A demonstration of this
algorithm in an ideal model using an ensemble Kalman filter
technique suggests the potential for resolving dynamical
features that have a characteristic time-scale longer than the
averaging time of the observations. This technique may offer
new perspectives in climate reconstruction and in the
assimilation of integrated meteorological quantities such as
accumulated precipitation. Citation: Dirren, S., and G. J.

Hakim (2005), Toward the assimilation of time-averaged

observations, Geophys. Res. Lett., 32, L04804, doi:10.1029/

2004GL021444.

1. Introduction

[2] Data assimilation (i.e., state estimation) [Daley, 1991]
deals with the combination of observations and a model
forecast to arrive at an analysis with minimum error given
error in both the observations and the model forecast.
Observations are typically treated as instantaneous values,
although in fact they often represent averages over time
(e.g., surface wind measurements). There are other situa-
tions where time averaging may not be as easily neglected,
such as in the assimilation of accumulated precipitation
from station gauges for weather forecasting or from ice
cores for paleoclimate reconstruction.
[3] Here we consider the generic problem of assimilating

averaged observations and propose a novel algorithm as a
solution. A demonstration experiment in a simple model
that is dominated by two different time-scales suggests the
potential for averaged observations to recover the system
state for time periods longer than the averaging time, even
in the presence of significant noise. We employ an ensem-
ble Kalman filter (EnKF) approach, which uses a Monte
Carlo technique for estimating the flow-dependent back-
ground-error covariance matrices [e.g., Evensen, 1994;
Houtekamer and Mitchell, 1998]. These flow-dependent
statistics are expected to be especially useful for low-
density observing networks, as in the case of paleoclimate
ice-core data.

2. Assimilating Time-Averaged Observations

2.1. Framework and Notation

[4] Although the following discussion applies to a system
having a continuous range of time-scales, consider for
simplicity a hypothetical geophysical process, X (t), that is
dominated by two time-scales thf and tlf, with thf < tlf. Let
M be a model of the process having state variable Xm(t),
and let this variable be governed by two internal variables

Xhf (t) and Xlf (t) which evolve with characteristic time-
scales thf and tlf, respectively:

Xm tð Þ ¼ M Xhf tð Þ;Xlf tð Þ
� �

:

[5] Let Xm(to, n) be an ensemble of background forecasts
valid at time to, where n = 1 :Ne. Finally, consider observa-
tions given by a time average of X over the interval [to � to;
to] plus additional uncorrelated error noise:

yo toð Þ ¼ X to � to; to½ �to þ noise:

We shall denote time averages by overbars, and ensemble
averages by angle brackets. Perturbations from time and
ensemble averages are denoted by superscript primes and
stars, respectively.

2.2. Algorithm

[6] A significant difficulty in applying existing instanta-
neous assimilation methods to time-averaged observations
involves the background-error covariance relationships.
These may be specified à priori as in 3DVAR or computed
directly from the covariance between time-averaged model
estimates of the observations and instantaneous model state
variables as in the EnKF. However, in both cases, the
relationships between instantaneous and time-averaged
quantities are likely to be error-prone due to high frequency
noise, and the resulting update inaccurate.
[7] We propose an algorithm that overcomes this difficulty

by computing covariances solely between time-averaged
quantities. The algorithm updates the time-averaged ensem-
ble background fields using existing EnKF techniques, and
leaves the instantaneous deviations from the time mean
unmodified. This algorithm is neither unique nor derived
from first principles, but is based on the recognition that the
observations contain only time-averaged information. We
expect that only features with time-scales equal to or longer
than the time-averaging period of the observations may be
accurately captured. Although this technique may be applied
to variational assimilation schemes using fixed background-
error covariance matrices, it is convenient to apply it to EnKF
techniques in order to avoid the à priori specification of
relationships between averaged observations and model state
variables.
[8] At time to the algorithm consist of the following five

steps. First, given a background ensemble state estimate
for both high and low frequency variables, time-average
each model variable for all ensemble members over
[to � to; to]:

1Þ Xi nð Þ ¼ Xi to; nð Þto i ¼ m; hf ; lf ; 8n ¼ 1 : Ne:
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[9] Second, compute the model estimates of the time-
averaged observations:

2Þ ye nð Þ ¼ H Xm nð Þ
� �

8n ¼ 1 : Ne:

[10] Third, remove from each model trajectory the
corresponding time average at each time in the interval
[to � to; to], to get the following perturbations from the time
mean:

3Þ Xi t; nð Þ0¼ Xi t; nð Þ � Xi nð Þ i ¼ hf ; lf ; 8t 2 to � to; to½ �:

[11] Fourth, use existing EnKF techniques (here we use a
square root filter) [e.g., Whitaker and Hamill, 2002] to
update the time-averaged variables Xi(n) (i = hf, lh) with
observation yo, observational error variance var(yo) and
model estimates of the observations, ye(n):

4Þ Xi

� �
: ¼ Xi

� �
þ Ki  yo � yeh ið Þ

Xi
?
nð Þ : ¼ Xi

?
nð Þ þ b  Ki  �y?e nð Þ

� �
Ki ¼

cov Xi
?
; y?e

� �
var y?e

� �
þ var yoð Þ

; i ¼ hf ; lf ;

where Xi(n) = Xi

� �
+ Xi

?(n) and ye(n) = hyei + ye
?(n) have

been decomposed into an ensemble mean and perturbations
from this mean, and b�1 = 1 + [var(yo)/(var(Hy

?) +
var(yo))]

1/2 [e.g., Whitaker and Hamill, 2002].
[12] Finally, at each time t in [to � to; to] add the updated

Xi(n) to the perturbations from step 3 to get the updated
instantaneous ensemble backgrounds Xi(t, n) (i.e., analyses):

5Þ Xi t; nð Þ ¼ Xi t; nð Þ0 þ Xi nð Þ i ¼ hf ; lf :

Given the ensemble analyses, fresh forecasts can be
produced with the model to cycle the algorithm back to
step 1:

Xm t; nð Þ ¼ M Xhf t; nð Þ;Xlf t; nð Þ
� �

8n; 8t 2 to; to þ to½ �:

[13] Note that the state variables at each time in the
interval [to � to; to] have been updated during the assim-
ilation performed at time to. We also emphasize that this
algorithm is not designed to deliver accurate instantaneous
state variables Xm(t, n). Consider for example the special
case thf � to < tlf. We expect that Xhf(t) will be unresolved
and may perhaps contaminate Xlf(t) as well. However, as we
will show in the next section, both Xlf(t, n) and the time
averages Xm t; nð Þto may be well resolved under certain
circumstances.
[14] Finally, note that the algorithm is general, although

to facilitate the discussion of results for a simple model, we
have added additional notation for hf and lf variables; for
models without such a distinction, the notation above is
modified by replacing i = hf, lf, with i = m.

3. An Illustrative Example

[15] In this section we expose the main issues, strengths
and weaknesses of the algorithm by examining its perfor-
mance in an idealized setting. The model is based on the

dynamical system introduced by Lorenz and Emanuel
[1998] whose equations contain characteristic features of
atmospheric dynamics (chaotic behaviour, linear waves,
damping and forcing). Several recent studies have demon-
strated that this simple model is useful for illustrating new
data assimilation techniques [e.g., Hansen and Emanuel,
2002; Whitaker and Hamill, 2002].

3.1. Model and Algorithm Test

[16] We propose a dynamical system with two dominant
time-scales by adding together two independent 40-variable
(Nx = 40) periodic systems of Lorenz and Emmanuel (j = 1,
Nx):

Xm j; tð Þ ¼ Xhf j; tð Þ � Xhf

� �
þ Xlf j; tð Þ � Xlf

� �
dXi

dt
j; tð Þ ¼ 1

ai

Xi jþ 1; tð Þ � Xi j� 2; tð Þð Þ½

 Xi j� 1; tð Þ � Xi j; tð Þ þ F� i ¼ hf ; lf :

The external forcing is chosen to be F = 8 with a time step
of dt = 0.05 nondimensional units (about 6 hours in an
atmospheric context).
[17] Extended integrations indicate that the ‘‘climatolog-

ical’’ state of both hf and lf models is characterized by a mean
value of Xi = 2.3 and a standard deviation s = 3.6. We also
evaluate these statistics for Xi

to
(the average of Xi over to)

and denote si
to the resulting climatological standard devia-

tions about the averaging period.
[18] The parameters ai control the error doubling times of

both model components. We set ahf = 0.5 and alf = 75 and
interpret Xm as being composed of ‘‘high-frequency varia-
bles’’ which oscillate with a typical time-scale of thf (�3–4
in time steps, or about 24h) embedded in a slow evolving
‘‘low-frequency’’ state with time-scale tlf � 450–600
(about 150 days). Figure 1a shows the time evolution of
the first variable (j = 1) for each component. Note the two
distinctive time-scales of the two internal variables.
[19] Twenty-four experiments are performed using the

algorithm outlined above by assimilating observations aver-
aged over periods to ranging from 1 to 700 time steps. Each
state variable Xm(j, t) is observed directly, and observations
are sampled from a ‘‘truth run’’Xm

tr(j,t) assuming uncorrelated
errors and a variance of so

2 = 0.5. Observations are assimilated
serially every to time steps over a period of Nt = 10000 time
steps (i.e., 2500 days) after a spin-up period of 2000 time
steps. Following common practice in EnKF studies, the
adverse effects of ensemble subsampling (here Ne = 100)
are mitigated by employing a 2–8% covariance inflation
factor and covariance localization (equation (4.10) of
Gaspari and Cohn [1999] with a cutoff radius of 24 grid
points). Diagnostic calculations are based on the RMS error
of t-averaged ensemble-mean analyses (for i = m,hf,lf):

RMSti ¼ 1

NxNt

X
j;t

Xi j; t; nð Þh it � X tr
i j; tð Þt

� 	2

" #1=2

: ð1Þ

Note that with our notation, a superscript t = 1 corresponds
to instantaneous values.

3.2. Results

[20] Our primary consideration concerns the performance
of the algorithm as a function of the observation averaging
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period to. Figure 1 shows the RMS analysis-error depen-
dence on to for both instantaneous (RMSi

1, Figure 1b)
and to-averaged model values (RMSi

to, Figures 1c–1d). In
order to determine the range of averaging over which
the filter contributes useful information, we consider the
RMS errors relative to observation error, so, and to the
square root of the variance of random samples of time-
averaged climatological states, si

to. Although observation
error is time independent (black dashed line in Figure 1),
the climatological variability (red, blue, and green dashed
lines in Figure 1, corresponding to high-frequency, low
frequency, and model variables, respectively) is a decreas-
ing function of the averaging time to (due to the smooth-
ing property of the time-averaging operator). Since s0
and si

to are intrinsic to the observations and dynamics,
respectively, they will be used in the following as bench-
marks to estimate the value added by the assimilation
algorithm.

[21] We divide the range of observation averaging
period, to, into four regions I–IV as defined, respectively,
by: to \ thf (region I), thf < to \ ts (region II), ts < to \
tlf (region III), and to > tlf (region IV). The time-scale ts
(see Figure 1c) corresponds to the one where the time-
averaged climatological high-frequency variability, shf

to,
equals the observation error, s0, which plays an important
role in our subsequent discussion.
[22] In the case of short averaging periods (region I), or,

more formally, in the limit of to ! 1, we expect the
algorithm to approach a traditional EnKF. Figure 1 supports
this expectation by revealing RMS errors smaller than
observation error and climatological uncertainty for both
instantaneous (Figure 1b) and time-averaged (Figure 1d)
model values.
[23] In the case of long averaging periods (region IV),

both instantaneous and time-averaged analyses have RMS
errors greater than observation error (Figure 1b) or close to

Figure 1. (a) Typical time evolution of the first variable Xm(1, t) (green) and Xlf(1, t) (red). RMS errors of the instantaneous
(b) and to-averaged (c,d) ensemble-mean analyses as a function of the observation-averaging time period, to. Green, red and
blue curves represent the model (i = m), high-frequency (i = hf) and low-frequency (i = lf) variables, respectively. Dashed
curves show the observation noise (so, black) and the ‘‘climatological’’ standard deviations (si

to, color), which can be used as
benchmarks to evaluate the performance of the filter. Dotted vertical lines denote regions I–IV, as discussed in the text.
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the climatological uncertainty (Figure 1c). The chaotic
nature of the dynamics accounts for the inability of the
filter to constrain error growth when observations are
averaged over periods longer than the slow process.
[24] Likewise, for intermediate averaging periods

(regions II and III) the algorithm fails to resolve the high-
frequency component Xhf (c–d) and thus also instantaneous
state variables Xm (b); note that both quantities have errors
larger than the observation benchmark. However, in line
with our earlier inferences, Figure 1c shows that the
algorithm succeeds in combining time-averaged observa-
tions and the low-frequency dynamics of the model in this
region. Particularly noteworthy are the reduced RMS errors
(with respect to both benchmarks si

to and so) for both the
low-frequency variables (averaged, but also instantaneous
Xlf) and for the time-averaged model states Xm

to
. These

results indicate the ability of the algorithm to constrain the
low-frequency behaviour by assimilating the appropriate
time-averaged observations.
[25] Further insight into the assimilation process of low-

frequency variables for intermediate time scales (regions II
and III) can be inferred by rewriting the low-frequency gain
matrix as

Klf ¼
cov Xlf

?
; y?e
� �

lf

� 	
þ cov Xlf

?
; y?e
� �

hf

� 	
var y?e

� �
lf

� 	
þ var y?e

� �
hf

þ var yoð Þ
h i : ð2Þ

which reveals two important aspects. First, recall that the
algorithm attempts to control dynamical features with time-
scales longer than to. In the case of a model with a strong

coupling between low- and high-frequency dynamics, Xlf

components may be contaminated by the unresolved Xhf

variables through the second term in the numerator. For our
idealized model, the low- and high-frequency variables are
uncoupled, although they overlap in frequency space (cf.
Figure 1c, the red curve approaches zero slowly), so this
effect is small.
[26] Second, the unresolved high-frequency variables

affect the model estimate of the observations by contribut-
ing a residual variance var((ye

?)hf) which tends to (shf
to)2 for

sufficiently large to (Figure 1c, red dashed line). As sug-
gested by the brackets in the denominator of equation (2),
this term may be regarded as a source of additional obser-
vation error that may result in a systematic underestimation
of the low-frequency gain (filter divergence) and relatively
larger errors in region II where shf

to > so. Nevertheless,
Figure 1c reveals surprisingly small RMS errors for low-
frequency variables in region II. By repeating the experi-
ments and doubling the weighting on the high-frequency
variables (Xm = 2  Xhf + Xlf), which yields larger var((ye

?)hf),
we find considerably larger errors in region II, as expected
(not shown).
[27] Finally Figure 2 evaluates the skill of the algorithm

assimilating to-averaged observations by comparing RMS
errors for arbitrary averaging time t of the model states (not
only for t = to as in Figure 1). To this end consider the
minimal difference between analysis RMS errors and both
observational and climatological errors, expressed as a
percentage:

p t; toð Þ ¼ min
so � RMStm

so
;
sto � RMStm

sto

� �
*100: ð3Þ

Positive values indicate that the algorithm leads to an error
reduction compared to an estimation based on the observa-
tions and on the model climatology. The results suggest that
the filter adds value in region III not only above but also
below the diagonal, where averaging periods are shorter
than the observation averaging time.

4. Concluding Remarks

[28] A novel algorithm is proposed for the assimilation
of time-averaged observations, which provides a natural
extension to existing ensemble Kalman filters; in fact, the
algorithm reduces to these filters in the limit of zero time
averaging. The essential element of the algorithm consists of
updating the time-averaged model fields, leaving the devia-
tions from the time average unchanged. Consequently, it
avoids the calculation or specification of covariance relation-
ships between averaged and instantaneous quantities. The
algorithm is designed to assimilate observations averaged
(i) over periods long enough (i.e., thf � to) to minimize the
additional observation uncertainty due to ‘‘high-frequency’’
variables, but (ii) over periods short enough (i.e., to < tlf) to
constrain the chaotical nature of the low-frequency dynamics
and prevent error growth. The algorithm is expected to be
more accurate in the case of small correlations between the
different time-scales of the model dynamics, in order to
prevent low-frequency variables from being contaminated
by unresolved high-frequency variables.
[29] The performance of the algorithm has been illus-

trated with an idealized one-dimensional model having

Figure 2. Minimal difference between the analysis RMS
errors and the observation and climatological errors (p(t, to),
equation (3)) as function of observation averaging time to
(x-axis) and of the averaging time t of the state variables Xm

(y-axis). Red regions indicate that the algorithm adds value.
The yellow and black lines correspond respectively to the
RMS errors of the instantaneous values (RMSm

1, shown in
Figure 1b) and of the to-averaged values (RMSm

to, in
Figures 1c–1d). Note that only negative contours up to
�100% have been coloured.
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both high and low frequency variables. Results suggest the
possibility of resolving portions of the frequency spectrum
of a system by assimilating observations averaged over an
appropriate time interval. Note that the algorithm does not
require a clear separation between high- and low-frequency
variables as we used here for illustrative purposes. This
conceptually simple and attractive framework facilitates the
interpretation of the derived results; nevertheless this set-
ting is an overt simplification. The main shortcoming is the
absence of coupling between low- and high-frequency
dynamics. Whereas more realistic models have complicated
feedbacks over the entire frequency spectrum, the imple-
mentation of such coupling is easy but entirely arbitrary in
an idealized model. In fact, the coupling is model-depen-
dent and as such needs to be investigated on a case-to-case
basis. Therefore, further studies are needed to test the
robustness of these idealized model results in more com-
plex models.
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