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ABSTRACT

The vertical structure of the low-level atmospheric response to an elevated large-scale, low-frequency heat
source in the Tropics is explored using linear tidal theory on an equatorial beta plane. Through the calculation
of the projection of a large-scale, low-frequency thermal source onto the meridional eigenfunctions, the con-
tributions from a set of discrete meridional eigenfunctions with positive equivalent depths, and a continuous
spectrum of meridional eigenfunctions with negative equivalent depth, are examined. The positive equivalent
depth eigenfunctions have been discussed in some literature while the continuous spectrum of the negative
equivalent depth eigenfunctions is new. The authors find that, at lower frequencies, the forced response is mainly
supported by those continuous modes for which the absolute values of the negative equivalent depths are neither
very small nor very large.

The implications of these results for thermally driven surface winds are discussed and summarized by Eqs.
(4.2) and (4.6). In the inviscid case, since the solution associated with the continuous modes with negative
equivalent depth is vertically evanescent, it is expected that the vertical energy transfer from the elevated thermal
source to the surface is limited. However, in the presence of Newtonian cooling, the continuous modes that
contribute significantly to accounting for the large-scale heat source are those modes with moderate values of
negative equivalent depth as frequencies goes to zero so that the forced horizontal winds become vertically
uniform below the heating. Hence, surface winds can be driven by the elevated heat source in the presence of
only linear thermal damping.

1. Introduction

Surface wind anomalies are the main determinant of
sea surface temperature anomalies in the Tropics. There
have been two mechanisms suggested for generating
such surface wind anomalies: 1) forcing by the hydro-
static pressure anomalies in the boundary layer induced
by the SST anomalies themselves (Lindzen and Nigam
1987) and 2) thermal forcing from cloud base to the
tropopause by anomalies of deep persistent precipita-
tion. Because these mechanisms are highly interrelated
(anomalous convergence of low-level moisture leads to
anomalies of persistent precipitation and, therefore, to
anomalies of thermal forcing) it has not been clear how
much of each mechanism contributes to the surface
winds. Indeed, for some simple models of surface winds,
in particular the Gill (1980) model, the two mechanisms
are mathematically indistinguishable (Neelin 1989).
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The way to cleanly separate the two mechanisms for
generating surface winds is to consider each acting in
the absence of the other; indeed, this is what Lindzen
and Nigam (1987) have done in examining the first
mechanism. To examine the second mechanism, we con-
sider the thermal forcing by a specified large-scale pre-
cipitation anomaly in the Tropics in a horizontally ho-
mogeneous region with no SST anomalies. Any surface
wind anomalies forced under these circumstances must
have been thermally forced. In order to do the problem
correctly, the propagation characteristics of the heat
source anomaly from cloud base to the surface have to
be considered. Also, since the problem involves prop-
agation and since lids are known to induce artificial
standing modes that can induce artificial results through-
out a vertical column (Lindzen et al. 1968) the results
must be shown to exist independently of an artificial lid
imposed at the top.

The thermal heat anomaly will be assumed to have
a vertical structure similar to those diagnosed from trop-
ical budget analyses, that is, to begin at cloud base and
end near the tropopause with a maximum somewhere
in midtroposphere. It will also be assumed to be large
scale (order of 1000 km) and change slowly, with as-
sumed periods much longer than a day. It is recognized
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that propagation problems are significantly influenced
by damping so that the effects of various types of damp-
ing must be considered.

There is a modest body of literature on this problem
considered this way. The simple Gill model cited above
is not suitable for looking at this problem because by
considering a single vertical mode, the heating is arti-
ficially brought right to the surface; the question of the
propagation of signals from the bottom of the heat
source to the surface, therefore, cannot be considered.
Schneider and Lindzen (1977) considered the zonally
averaged (Hadley) circulation induced by a zonally av-
eraged thermal heat source and found that the surface
winds were basically determined by boundary layer con-
vergence and were hardly modified by the thermal forc-
ing. Indeed, it was on the basis of just such arguments
that Lindzen and Nigam decided to look at the boundary
layer convergence in the absence of thermal forcing.
Geisler (1981) considered a single large-scale steady
heat source in a linearized atmospheric GCM and looked
at the large-scale wind response. He included cumulus
friction and full radiative damping and found that the
heat source did indeed generate surface winds. He did
not indicate whether or not the surface convergence of
moisture generated by the heat source was large enough
to sustain the heat source.

The questions, therefore, that need to be answered are
the following. 1) Under what circumstances do thermal
sources force surface winds in the absence of boundary-
forced convergence? 2) Under what circumstances is the
anomalous moisture convergence forced by the thermal
sources adequate to maintain the thermal source?

We have used a dry spectral primitive equation model
and performed a numerical study of these two questions
in simplified situations using simplified damping mech-
anisms and have found that the answer to the first ques-
tion depends primarily on the form of damping to which
the model atmosphere is subjected. In particular, we find
that when the damping mechanism is thermally domi-
nated, the winds beneath the thermal source can reach
the surface. When the damping is frictionally dominat-
ed, the winds are confined to the vertical region of the
thermal forcing and cannot reach the surface. Our nu-
merical experiments also show that the three-dimen-
sional structure of the response to the prescribed heating
is not sensitive to the heating as long as the maximum
heating rate is less than 5 K day21 (corresponding to 20
mm day21 of precipitation) and the heating structure
remains the same. However, the amplitude of the re-
sponse is approximately proportional to the maximum
heating rate. These results clearly indicate that the re-
sponse is essentially linear. While these results will be
reported in detail elsewhere, it will be the purpose of
this note to give a linear argument for why thermal
damping allows surface winds to reach the surface.

The analysis is performed only on the equatorial beta
plane using variable separation methods very similar to
those of the classic paper of Lindzen (1967). As it will

be discussed in the next section, the meridional eigen-
value–eigenfunction problem does define a complete set
of meridional eigenfunctions. Hence, it is not necessary
to use both the equatorial beta plane and the midlatitude
beta plane to match the complete solutions on a sphere
as was done in Lindzen (1967).

A decomposition including thermal damping leads to
Eq. (4.4) below. In the presence of the thermal damping,
as the forcing becomes steady (the frequency approach-
es zero) the vertically uniform response from the forcing
to the surface becomes evident from the modes with
nonzero equivalent depths. Thus, the proof that thermal
forcing can drive surface winds leads to a discussion of
the behavior of the equivalent depths as the forcing
frequency goes to zero. To our surprise, this discussion
is not straightforward and leads to some continuum
modes on the equatorial beta plane that, to our knowl-
edge, have not previously been noted in this problem.
In the second section, the equivalent depths and cor-
responding eigenfunctions are discussed. The third ex-
amines the projection problem in detail. The fourth sec-
tion describes how the major result of this note, that
thermal damping allows the response to reach the sur-
face, is obtained. The last section summarizes the paper.

2. The equivalent depths and the eigenfunctions
We use the method and notations of Lindzen (1967).

There, a meridional decomposition is performed with
the nth meridional eigenfunctions satisfying

2 2 2 2d C k (v 2 b y )nkv 21 b 2 k C 1 C 5 0.nkv nkv2 1 2dy v ghnkv

(2.1)
Equation (2.1) is the same as Eq. (25) of Lindzen

(1967), where positive k corresponds to westward-prop-
agating waves. Since Eq. (2.1) is discussed in an merid-
ionally infinite domain, the boundary conditions associated
with this equation are either the outgoing ‘‘radiation con-
dition’’ or Cnkv → 0 as y → 6`. For the thermally forced
atmosphere we are dealing with, the equivalent depth hnkv

is the eigenvalue and (b2y2 2 v2) is the corresponding
weighting function. Although the weighting function (b2y2

2 v2) in Eq. (2.1) is not positive definite in the domain,
the singularities at y 5 6v/b are only apparent since the
solutions to Eq. (2.1) for any given v, k, and hnkv are
differentiable at these singularities. Hence, Eq. (2.1) and
its boundary conditions result in a complete set of eigen-
functions1 for any given v, k.

1 Usually, the completeness of the eigenfunctions of a differential
operator is discussed in a finite domain over which the eigenfunctions
are all Lebesgue integrable. When the eigenfuncfions are defined in
an infinite domain, the principle of analytic continuation should be
applied (cf. Friedman 1956). Then, one can apply the theorem of the
completeness of the eigenfunctions of an self-adjoint differential op-
erator with only apparent singularities in the interior of an infinite
domain in the same way as one can apply it in a finite domain. The
completeness theorem that can be applied to Eq. (2.1) and its bound-
ary conditions can be found in Holl (1970).
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All the eigenvalues and eigenfunctions can be ob-
tained by finding the Green’s function and spectrally
representing the differential operator (Friedman 1956).
The equivalent depths resulting from Eq. (2.1) and its
boundary conditions consist of two types: an infinite
number of discrete values of positive equivalent depths
(the so-called discrete spectrum) and a continuous spec-
trum of negative equivalent depth lying on the whole
negative real axis (D. Moore 1997, personal commu-
nication). The eigenfunctions Cnkv of different n are
mutually orthogonal under the principle of analytic con-
tinuation and their orthogonality can be expressed as

` 0 m ± n
2 2 2(b y 2 v )C C dy 5E nkv mkv 5C m 5 n,nkv2`

(2.2)

where Cnkv is a function of v, k, and n.

a. The discrete spectrum

The eigenfunctions corresponding to the discrete
spectrum of positive equivalent depth are of the form

2y y
C 5 exp 2 H , (2.3)nkv n21 2 1 22L Lnkv nkv

where Hn(y/Lnkv) is the Hermite Polynomial of order n
(which is a nonnegative integer) and Lnkv 5 [(ghnkv)1/2/b]1/2

is the characteristic meridional scale corresponding to
equivalent depth hnkv. The relationship between hnkv and
n is

2 Ïghv k nkv
22 k 1 b 5 2n 1 1. (2.4)1 2gh v bnkv

For the eigenfunctions corresponding to the discrete
spectrum, the Cnkv in Eq. (2.2) can be expressed as

n21 2 2 2C 5 L 2 n!Ïp [(2n 1 1)b L 2 2v ]. (2.5)nkv nkv nkv

For the forced waves of low frequency, that is, v K
V, one can solve Eq. (2.4) and obtain the equivalent
depth hnkv in terms of the known parameters for those
eigenfunctions corresponding to the discrete spectrum

2v
2 1/2(gh ) ø (2.6a)nkv b(2n 1 1)

and

v
1 1/2(gh ) ø (2n 1 1) , (2.6b)nkv k

which correspond to the ‘‘2’’ and ‘‘1’’ sign solution
of Eq. (36) in Lindzen (1967), respectively. It should
be noted that the eigenfunctions corresponding to the
eigenvalues expressed by (2.6b) exist only for west-
ward-propagating waves.

At low frequencies, the equivalent depths given by
Eq. (2.6a) are the counterpart of the equivalent depths

of the solutions of the first type to Laplace’s tidal equa-
tion (Longuet-Higgins 1968); the equivalent depths giv-
en by Eq. (2.6b) correspond to the equivalent depths of
the solutions of the second type to Laplace’s tidal equa-
tion [see Figs. 1–6 in Longuet-Higgins (1968)]. As fre-
quencies go to zero, more and more beta-plane modes
corresponding to Eq. (2.6b) are equatorially trapped and
they become good approximations to the eigenfunctions
on a sphere.

b. The continuous spectrum

The equivalent depths resulting from (2.1) and its
boundary conditions are continuous when their values
are negative. As the frequency goes to zero, Eq. (2.1)
can be approximated by

2 2 2d C k b ynkv 1 b 1 C 5 0, (2.7)nkv2 1 2dy v gĥnkv

where ĥnkv 5 2hnkv is positive. Equation (2.7) can be
transformed into the standard Weber equation that de-
fines the Weber parabolic cylinder functions:

2d C 1nkv 21 h 2 a C 5 0, (2.8)nkv2 1 2dh 4

where h 5 y[2b/(gĥnkv)1/2]1/2 and a 5 2k(gĥnkv)1/2/v.
Figure 1 plots some solutions (Weber parabolic cylinder
functions) for selected values of the parameter a. When
a # 0 (standing or westward-propagating waves), the
solutions are oscillatory and asymptotically decaying as
h increases. When a . 0 (eastward-propagating waves),
the solutions increase exponentially before they reach
their turning points (h 5 62 a ) and become oscil-Ï
latory and asymptotically decaying afterward. For large
positive a, the symmetric and antisymmetric solutions
are almost identical everywhere and trivial for small h.
When |h| k |a|, all the solutions have their asymptotic
envelopes that are proportional to 1/|h| . More detailsÏ
about the solutions to Eq. (2.8) and their asymptotic
properties can be found in Abramowitz and Stegun
(1965).

The modes of negative equivalent depths are not ar-
tificially induced by approximating a spherical domain
with an equatorial beta plane. From Flattery (1967), we
know that at low frequencies (v K V) the spherical
modes with negative equivalent depth are not trapped
in the high latitudes; rather, they have very significant
components in the Tropics.

It should be pointed out that the discrete modes with
large hnkv and the continuous modes with negative
equivalent depth are not only mathematically necessary
to form a complete set of eigenfunctions on an equatorial
beta plane but also physically account for the forcing
energy leaked to high latitudes in an inviscid atmo-
sphere.
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FIG. 1. The normalized Weber parabolic cylinder functions defined by Eq. (2.8) for selected values of the parameter a. (a) and (c) The
meridionally symmetric Weber parabolic cylinder functions; (b) and (d) The meridionally asymmetric Weber parabolic cylinder functions.
The horizontal axis represents the value of h. (a) and (b) Solid line is for a 5 0, dashed line is for a 5 21.0, and dash–dotted line is for
a 5 210.0; (c) and (d) dashed line is for a 5 1.0, and dash–dotted line is for a 5 10.0.

3. Projection of forcing onto the modes

We now assume that the external forcing has the form
[the left-hand side of the following equation is identical
to Eq. (22) in Lindzen (1967)]

k ] ] 1
1/22 by 2 2 (r J )01 21 2v ]y ]z 2H

Q̃ 5
2 2 2b y 2 v

ø q (z)x (y), (3.1)m m

where qm(z) is the vertical structure of the heating and
xm(y) is defined as

2y y
x (y) 5 exp 2 H , (3.2)m m21 2 1 22L Lf f

where xm(y) is the parabolic cylander function of order
m. The set {xm(y)} is complete and is used to expand
any meridionally localized function, and Lf is the char-
acteristic meridional scale of the external forcing. If Q̃
meridionally has the shape of a Gaussian distribution
[i.e., m 5 0 in equation (3.2)], 2 Lf is the e-foldingÏ
scale. For the forced problem we are dealing with, the
shape of external forcing is prescribed so that Lf is as-
sumed a known constant.

We rewrite

Q̃ 5 S (z)C (y), (3.4)O nkv nkv
n

where the summation represents a sum over the discrete
spectrum and integration over the continuum.

For the eigenfunctions corresponding to the discrete
spectrum, one obtains

`2 2(b b 2 v )q (z)mS (z) 5 C (y)x (y) dy,nkv E nkv mCnkv 2`

(3.5)

where

2m 1 1 2n 1 1
2

2 2L Lf nkv
b 5 . (3.6)

1 1
2

4 4L Lf nkv

The detailed derivation can be found in Wu et al. (1997).
For the projection coefficients associated with the con-
tinuous spectrum, since the corresponding eigenfunc-
tions do not have simple forms, they cannot be given
analytically. We will discuss them qualitatively later.

a. The minus sign discrete modes

For a given external forcing, b in Eq. (3.6) is a func-
tion of wave frequency v, zonal wavenumber k, and
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order n. For large-scale, low-frequency forced waves,
one obtains as2Lnkv

2 2Ïgh vnkv
2 2(L ) 5 5 . (3.7)nkv 2b (2n 1 1)b

Equation (3.7) shows that → 0 as v → 0. So, we2Lnkv

have K Lf . When m is not extremely large com-2Lnkv

pared to n,
2v

2 2b ø (2n 1 1)(L ) 5 . (3.8)nkv 2b

Substitution of Eq. (3.8) into Eq. (3.5) gives

(z) → 0.2S nkv (3.9)

Equation (3.9) states that, for a prescribed low-fre-
quency external forcing, the projection onto the minus
sign discrete modes approaches zero.

To find the hidden physics in Eq. (3.9), we examine
the turning point for the mode :2 2y Cdnkv nkv

2Ïghnkv
2 2(y ) 5 (2n 1 1) . (3.10)dnkv b

Here decays for |y| . , so | | can be regarded2 2 2C y ynkv dnkv dnkv

as the poleward extent of the mode . For these2Cnkv

minus sign discrete solutions, ( )2 5 v2/b2. Hence,2ydnkv

is very small and is independent of n; and these2ydnkv

modes by themselves cannot account for any response
to the external forcing outside the turning points. As v
→ 0, the turning points approach the equator and these
minus sign solutions are clearly more and more incom-
plete.

b. The plus sign discrete modes

As the frequency goes to zero, more and more ei-
genfunctions corresponding to Eq. (2.6b) on an equa-
torial beta plane have their counterparts on the spherical
earth. Hence, the projections of the external forcing onto
these modes must be considered. The turning points for
these modes can be expressed as 5 (2n 11ydnkv

1) v/(bk). So, at the low-frequency end, when n isÏ
not very large, is not very large, and the corre-1ydnkv

sponding eigenfunction is still equatorially trapped.1Cnkv

However, these modes cannot contribute significantly to
the response to a specified external forcing. When n is
large and y is limited, can be approximated by1Cnkv

y np
1C ø D cos Ï2n 1 1 2nkv n 11 2L 2nkv

bk np
5 D cos y 2 , (3.11)n 1 2! v 2

where Dn 5 2(n11)/2(n/e)n/2, and 5 [(2n 1 1)v/1Lnkv

(bk)]1/2. By considering Eqs. (2.5) and (3.5), one can
expect that the projections of external forcing onto these
modes go to zero very fast as n increases when n is

large, since the for different n have the same si-1Cnkv

nusoidal shape in the Tropics. Hence, only of rel-1Cnkv

atively small n contribute to the response to the external
forcing. Since the distance of consecutive zeros of

is independent of n for large n, we can also infer1Cnkv

that the plus sign modes with discrete positive eigen-
values do not resolve scales smaller than .p v/bkÏ
Hence, the discrete modes can never constitute a com-
plete set.

The dependence of the projections Pnkv of the external
forcing onto the modes of discrete positive equivalent
depths as a function of the characteristic scale of the
external forcing Lf is shown in Fig. 2, where Pnkv 5
Snkv/qm(z). The heat source Q̃ has a Gaussian shape with
Gaussian scale Lf and is of unit amplitude. It is clear
that for a large range of the characteristic meridional
scale of the external forcing Lf , only the n 5 0 modes
are significant. When Lf is large enough, however, the
contributions from the plus sign discrete modes with
larger characteristic meridional scale Lnkv (larger n) be-
come nontrivial. This is especially clear in Fig. 2d,
where the ratio / increases as the characteristic1 1P P2kv 0kv

scale of the external forcing Lf becomes larger. When
Lf is very small, we see that the projections of the ex-
ternal forcing onto the minus sign discrete modes in-
crease as Lf decreases. (The discontinuity at Lf 5 450
km in panel c is due to the change of sign of at2P0kv

that point.)

c. The continuous spectrum of modes with negative
equivalent depth

The incompleteness of the discrete modes is dem-
onstrated in Fig. 3 where a Gaussian profile is separated
into two parts: 1) the part accounted for by an infinite
set of the discrete modes and 2) the part accounted for
by the continuous modes (which is the difference be-
tween the Gaussian profile and the part accounted for
by the discrete modes). It is obvious that the continuous
eigenfunctions of negative equivalent depth must be in-
cluded to form a complete set that can be used to de-
compose the heating and the variables. But so far it is
almost impossible to analytically calculate the projec-
tions of a heat source onto these eigenfunctions of neg-
ative equivalent depth since the solutions to Eq. (2.8)
can be expressed only as infinite power series or com-
plex integrals and these solutions are not Lebesgue
square integrable in the infinite domain. Thus, instead
of a quantitative calculation, a qualitative discussion of
the projections onto those modes is presented by con-
sidering the properties of the asymptotic solutions.

At a given frequency, Cnkv is an oscillatory function
of y for westward-propagating waves (positive k). When
the absolute value of the equivalent depth is very small,
a is very small, and the absolute value of h is very large
for any nonzero y. Since the solution of Cnkv in such a
case asymptotically decays as 1/|h| , we can infer thatÏ
Cnkv is equatorially trapped when ĥnkv is small. Such a
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FIG. 2. The projection coefficients as functions of the characteristic meridional scale of external
forcing Lf for the modes of zonal wavenumber one and 100-day period. (a) The projection co-
efficients (solid line) and (dashed line); (b) the projection coefficients (solid line)2 2 1P P P0kv 2kv 0kv

and (dashed line); (c) the ratios | / | (solid line) and | / | (dashed line); and (d)1 2 2 2 2P P P P P2kv 2kv 0kv 4kv 0kv

the ratios | / | (solid line) and | / | (dashed line). In each panel, the horizontal axis1 1 1 1P P P P2kv 0kv 4kv 0kv

represents the characteristic meridional scale of external forcing Lf in kilometers.

eigenfunction can hardly account for the external forc-
ing with a large characteristic meridional scale Lf . When
the absolute value of the equivalent depth is very large,
from Eq. (2.7) we can infer that Cnkv is asymptotically
proportional to exp(i kb/v y) for any y that is not veryÏ
large when ĥnkv is very large and, therefore, Cnkv is too
wavy at very low frequencies to account for the external
forcing. Hence, the eigenfunctions with negative equiv-
alent depths that carry the significant information from
the forcing must have a moderate value of ĥnkv. A similar
argument holds for the eastward-propagating waves.

4. Vertical structure equation

The vertical structure equation in Lindzen (1967) is

2d V k 1 knkv 1 2 V 5 2 S , (4.1)nkv nkv2 21 2dz Hh 4H Hnkv

where k 5 R/cp and H is the scale height of the iso-
thermal atmosphere.

For the discrete spectrum, the eigenfunctions that are
the valid approximations to the spherical modes gen-
erally satisfy 0 , hnkv , H. Hence, the signals excited
by the external forcing propagate vertically with vertical
wavenumber m, which is approximated by

k
2m ø . (4.2)

Hhnkv

The modes corresponding to the continuous spectrum
have negative equivalent depths and, thus, they decay
away from the heating level. The solutions to Eq. (4.1)
are vertically evanescent for these modes.

In the presence of dissipation, how the signals prop-
agate depends on the form of the damping. It is often
stated that the distance a forced signal can propagate is
characterized by the product of the group velocity of
the free wave and damping timescale. At low frequen-
cies, the vertical group velocity for the modes defined
by Eqs. (2.6a) and (2.6b) are

2 3dv H v
25 C 5 , (4.3a)gz1 2 !dm kg 2(2n 1 1)b

and

1 2dv H (2n 1 1)v
15 C 5 , (4.3b)gz1 2 !dm kg k

respectively. The vertical group velocities of zonal
wavenumber-one waves are calculated for an isothermal
atmosphere with a scale height of 8 km and are presented
in Fig. 4. It is clear that for the waves of a period of
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FIG. 3. The projection of a Gaussian profile (with a scale of 1000 km) onto the meridional
eigenfunctions. Zonal wavenumber one is used in the meridional structure equation. (a), (b), and
(c) correspond to waves of 1-, 10-, and 100-day periods, respectively. In each panel, the solid
line is the Gaussian profile, the dashed line is the part of the Gaussian profile that is accounted
for by all the discrete modes, and the dash–dotted line is the part that is resolved by the continuous
modes.

about 40 days, the plus sign discrete modes can prop-
agate a few hundred meters per day, while the minus
sign discrete modes propagate less than 1 m day21. At
high frequencies, the vertical group velocities of all the
modes with discrete positive equivalent depth are large.
However, since the large-scale heat source does not pro-
ject onto the low-order plus sign discrete modes sig-
nificantly at low frequencies, the large group velocities
associated with the plus sign discrete modes do not nec-
essarily mean that the response below the forcing level
is large. This implies that the continuous modes with
negative equivalent depths (which account for most of
the vertically standing response) may be the key to ex-
plain the significant response below the forcing level.

To what extent the above argument can approximate
the dissipative system is difficult to determine. Since
the equations are analytically intractable if both thermal
damping and momentum damping are added, here we
deal with the simplest case in which Newtonian cooling
is included as the only damping. Lindzen (1968) first
considered a case in which Newtonian cooling is in-
versely proportional to the density of the atmosphere to
study the vertically propagating waves. His results
showed that at very high levels (where the Newtonian

cooling rate is very large) the amplitude of the hori-
zontal divergence is vertically uniform. When we add
a Newtonian cooling term to the thermodynamic equa-
tion in Lindzen (1967) and use the same method that
he used to separate the equations, the eigenvalue–ei-
genfunction equation is identical to Eq. (2.1) and the
vertical structure equation becomes

2d V vk 1 knkv 1 2 V 5 2 S ,nkv nkv2 2[ ]dz (v 2 ig)Hh 4H Hnkv

(4.4)

where i 5 21 and g is the Newtonian cooling rate.Ï
When v → 0, we know that the projection of the forcing
goes mainly to the modes whose hnkv are not zero.
Hence, when the thermal damping timescale is around
two weeks or shorter, we have |ig | k v, and then we
obtain

1 vk
k (4.5)

2) ) ) )4H (v 2 ig)Hhnkv

for the waves excited by the external forcing. Then, the
vertical Eq. (4.4) simplifies to
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FIG. 4. The vertical group velocity corresponding to (a) minus sign discrete modes and (b) plus sign discrete modes
of zonal wavenumber one as a function of wave period. Solid lines correspond to n 5 0, dashed lines n 5 1, dotted
lines n 5 2, and dash–dotted lines n 5 3. The value of the buoyancy frequency N used in this calculation corresponds
to an isothermal atmosphere with scale height H of 8 km; the vertical group velocity is plotted in meters per day.

2d V V knkv nkv 5 2 S . (4.6)nkv2 2dz 4H H

Equation (4.6) states that the response to the forcing
decays exponentially in the vertical outside of the heat-
ing with a decay scale of H. Recalling that the variable1

2

Vnkv has already been mass weighted, we conclude that
the meridional wind itself must be vertically uniform
above and below the heating—in particular, under the
convective heating region.

5. Conclusions

In last three sections, we discussed both the latitudinal
structure equation and the vertical structure equation in
Lindzen (1967). Our emphasis is on the low-level re-
sponses to a large-scale low-frequency elevated heat
source in the Tropics.

By analyzing the projections of the external forcing
onto different modes, we find that all the eigenfunctions
corresponding to Eq. (2.6a) shrink to the equator as
frequency goes to zero. Hence, these modes are, in gen-

eral, incapable of resolving an external forcing with a
prescribed large meridional scale.

Among the plus sign modes of discrete positive equiv-
alent depths, those modes of large n may not be applied
to the spherical domain. It can be shown, however, that
the projections of an external forcing onto large n modes
are vanishingly small. Hence, the plus sign discrete
modes with large n do not contribute to the solution and
we need not worry that the equatorial beta-plane modes
are not appropriate to the spherical earth. Practically,
how many modes of relatively small n should be re-
tained is determined by both the frequency and the char-
acteristic meridional scale of the external forcing.

The complete solution to a meridionally localized
heat source in the Tropics includes the modes from a
continuous spectrum of negative equivalent depths that
have not previously been discussed in the literature. As
the frequencies go to zero, the external forcing projects
mainly onto these large negative equivalent depth
modes. Physically, these modes also account for the
linear response at higher latitudes to the imposed trop-
ical heating.
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The application of the group velocity argument to a
dissipative system is questionable. In general, it is nec-
essary to examine the details of the dissipating pro-
cesses. It is clear from section 4, however, that adding
thermal damping fundamentally changes the vertical
structure of the response. Nonetheless, from the vertical
structure equation, we can infer that a significant surface
wind can be driven by an elevated, large-scale diabatic
heating if thermal damping is the dominant dissipating
mechanism.

To more completely assess the roles of Rayleigh fric-
tion and Newtonian cooling in producing surface wind,
we have performed numerical experiments with a dry
global spectral atmosphere model. Consistent with the
argument in section 4, we find that in the presence of
Newtonian cooling, the solutions are characterized by
winds that extend vertically away from the heating in
a uniform fashion; hence, the Newtonian cooling does
allow for a significant surface wind response to a ver-
tically elevated heating. In contrast, when Rayleigh fric-
tion dominates, the circulation driven by the elevated
heat source is vertically confined to the layer where the
heat source is located. The detailed description of this
modeling study will be reported in Wu et al. (1998,
manuscript submitted to J. Atmos. Sci.).
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