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ABSTRACT: This paper investigates the interactions between precipitation and the circulation in an idealized model for the
tropical atmosphere where convection is represented by a quasi-equilibrium closure. When studying large-scale circulation
in the Tropics, the governing equations can be further simplified by making the strict quasi-equilibrium assumption which
considers that convection acts to instantaneously adjust the atmospheric temperature profile to a moist adiabatic lapse rate.
It is shown here that, under this assumption, the interface between the precipitating and non-precipitating regions exhibits
a discontinuity in the precipitation rate and vertical velocity. Furthermore, this interface, referred to as a precipitation front,
moves at a velocity distinct from the propagation speed of dry and moist disturbances. The theory predicts the existence
of three types of precipitation fronts: drying fronts, slow moistening fronts and fast moistening fronts. In previous studies,
numerical simulations have demonstrated the existence of the three types of front, and have also confirmed that the
precipitation front theory offers a good approximation for the behaviour of the interface between dry and moist regions
for finite value of the convective adjustment time.

A new framework is proposed here in which the encounter of an atmospheric disturbance and the edge of a precipitation
region is recast as a Riemann problem. It is shown that, for any precipitation fronts, there are three incident characteristics
but only two outgoing characteristics. This makes it possible to solve simultaneously for the intensity of the outgoing
invariants and the propagation speed of the front. This also implies that atmospheric disturbances will be partially transmitted
and partially reflected when encountering a precipitation front. For small perturbations, linear reflection and transmission
coefficients can be computed analytically. These results also indicate that that disturbances can be amplified through over-
transmission or over-reflection. These theoretical results are confirmed in numerical simulations of an idealized Walker
circulation. A solution that includes a stationary precipitation front is perturbed by adding a small-amplitude gravity wave,
convectively coupled gravity wave, or moisture disturbance. All numerical simulations exhibit reflection and transmission
of the incoming signal, and one simulation shows a case of over-transmission of the incoming disturbance. Copyright 
2008 Royal Meteorological Society
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1. Introduction

The interaction between convection and the large-scale
circulation is one of the central problems for our under-
standing of the tropical atmosphere. It is a key element in
a wide variety of phenomena, ranging from the Hadley
circulation (Satoh, 1994; Pauluis, 2004), Walker circula-
tion (Bretherton and Sobel, 2002), intraseasonal variabil-
ity (Madden–Julian Oscillation), hurricanes (Emanuel,
1986), or equatorial waves (Wheeler and Kiladis, 1999).
At the core of the interactions lie two fundamental proper-
ties of moist air. First, as a parcel of moist air ascends, its
temperature decreases because of its adiabatic expansion.
After a sufficient drop in temperature, the parcel becomes
saturated and water vapour condenses. Hence, any sus-
tained ascending motion in the tropical atmosphere is
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associated with clouds and precipitation. Second, the con-
densation of water vapour results in a significant release
of latent heat that compensates partially for the adiabatic
cooling. This latent heat release modifies the temperature
of the atmosphere, which in turn impacts on the circu-
lation. The balance between these two feedbacks – the
enhancement of precipitation in ascending regions, and
the atmospheric response to latent heat release – has
profound implications for the dynamics of the tropical
regions.

Convective motions take place on horizontal scales of
the order of 10 km that are much smaller than the syn-
optic and planetary scales (from 1000 to 10 000 km).
The large-scale separation has prevented until recently
explicit numerical simulations that would resolve both
the convective and planetary scales. General-circulation
models (GCMs), which are designed to study the plan-
etary and synoptic-scale circulation, have a horizontal
resolution of the order of 100 km, which is insufficient
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to adequately resolve convective motions (Satoh et al.,
2005). Instead, GCMs rely on cumulus parametrizations
that determine the behaviour of convective systems based
on semi-empirical closure assumptions. One of the most
widely used convective closures is the quasi-equilibrium
theory originally proposed by Arakawa and Schubert
(1974). This closure is at the core of other represen-
tations of convection such as that of Betts and Miller
(Betts, 1986; Betts and Miller, 1986), or Emanuel (1991).
The quasi-equilibrium theory postulates that convective
motions act to eliminate convective instability over a con-
vective adjustment time of a few hours. As a result,
a convective region is in a state of quasi-equilibrium
between the destabilizing effects of the large-scale circu-
lation and external heat sources and the stabilization by
convective motions. As the convective adjustment time
is short in comparison to the time-scale associated with
synoptic or planetary circulation, the amount of convec-
tive instability, quantified in terms of the cloud work
function (Arakawa and Schubert, 1974) or Convective
Available Potential Energy (CAPE; Xu and Emanuel,
1989) remains small in convectively active regions.

The quasi-equilibrium theory predicts that the inter-
action of convection and large-scale circulation should
result in the existence of convectively coupled gravity
waves (Neelin et al., 1987; Emanuel, 1987; Emanuel
et al., 1994 – ENB below). In the quasi-equilibrium
framework, convection is more intense during periods
of large-scale ascent, so that latent heat release due to
condensation compensates partially for the adiabatic cool-
ing. As a result of this correlation between latent heat
release and ascent, the propagation speed of a distur-
bance is reduced in comparison to what it would be in
the absence of condensation. Wheeler and Kiladis (1999)
identify convectively coupled equatorial waves as well
as their faster uncoupled counterparts in satellite obser-
vations. They estimate that convectively coupled waves
propagate horizontally at a speed of about 15 m s−1,
which is about three times slower than a dry wave with
the same depth.

Deep convection is not active over the entire tropical
atmosphere. Rather, one expects to find ‘moist’ regions
of active precipitation, and ‘dry’ regions with little or
no precipitation. In agreement with the quasi-equilibrium
theory, one expects disturbances in moist regions to move
at a slower speed than in dry regions. This brings to
mind an analogy with optics in which the speed of light
is affected by the materials through which it propagates.
In particular, a sudden change in propagation speed at
the boundary between two different materials results in
partial reflection and transmission of an incident wave.
As it will be shown in this paper, a similar behaviour
occurs when an atmospheric disturbances moves between
dry and moist regions.

A key distinction between optics and atmospheric
dynamics is that the location of the boundary between
the dry and moist regions is not at a fixed location, but
depends on the atmospheric state itself. In order to deter-
mine the reflection and transmission of an atmospheric

disturbance between dry and moist regions, one must also
predict how the interface is affected by such disturbance,
i.e. how the moist and dry regions move. One approach
to this problem is to investigate the physical processes
associated with the onset of precipitation and with the
transition between different convective regimes such as
shallow convection, congestus and deep convection. This
is a very complex issue involving cloud microphysics,
thermodynamics and turbulence among other sub-fields
of atmospheric sciences, but this is not the focus of this
paper. Rather, we are interested here in understanding the
dynamical impacts of such a transition between precipi-
tating and non-precipitating regimes. We will do this in
the context of a very idealized framework based on the
Strict Quasi-Equilibrium (SQE) assumption proposed by
ENB, combined with the precipitation fronts theory orig-
inally discussed in Fierson et al. (2004 – FMP below).

One of the key parameters in quasi-equilibrium clo-
sures is the convective adjustment time, i.e. the time it
takes for convection to remove convective instability.
Various studies argue that this time should be between
2 and 24 hours (Betts, 1986; Bretherton et al., 2004).
Given that this time-scale is much shorter than the time-
scale of the planetary-scale circulation, ENB have pro-
posed SQE as the limit of the quasi-equilibrium theory
for infinitely short convective adjustment time. In SQE,
the atmosphere is instantaneously relaxed toward a moist
adiabatic temperature profile in convective regions cor-
responding to the boundary-layer entropy. Such a moist
adiabatic temperature profile is associated with a spe-
cific vertical structure in the horizontal pressure gradient,
and translates into particular velocity profiles. The inter-
action between circulation and convection then results
in the existence of convectively coupled gravity waves
described by ENB. As such, SQE offers an elegant sim-
plifying assumption for theoretical investigations of the
interactions of convection and the planetary scale.

However the SQE framework as presented in ENB
has an important limitation: it can only be applied for
an atmosphere where there is precipitation everywhere.
The key issue here is to determine the behaviour of the
interface between dry and moist regions. At the core
of this problem lies the physical requirement that the
precipitation rate P can only be positive:

P ≥ 0. (1)

This constraint imposes a strong nonlinearity on the
flow; for any solution of the equations of motion which
produces a given precipitation rate P > 0, the reverse
circulation has a negative precipitation rate and is not
realizable.

The mathematical treatment of the interface between
dry and moist regions in SQE is addressed by the
precipitation front theory proposed by FMP. A simplified
discussion of the FMP theory is presented in section 2.
This theory is based on an idealized model similar to the
Quasi-equilibrium Tropical Circulation model (QTCM;
Neelin and Zeng, 2000), with a quasi-equilibrium closure
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for the precipitation rate. From a mathematical point of
view, the key finding in FMP is that the quasi-equilibrium
formulation for the precipitation is dissipative not only
in term of the state variables, but also in terms of
their first-order derivatives. In the limit of infinitely
short adjustment time, dissipation is concentrated at
the interface between the dry and moist regions. This
interface, which is referred to in FMP as a precipitation
front, exhibits discontinuities in the precipitation rate
and vertical velocity, and in the horizontal temperature
and humidity gradients. In most cases, precipitation
fronts are not stationary, but move at a velocity distinct
from the dry and moist propagation speeds, and can be
separated into three categories: the drying fronts, the
slow moistening fronts and the fast moistening fronts.
Conceptually, the precipitation fronts theory discussed by
FMP makes it possible to determine the evolution of the
interface between the dry and moist regions under the
SQE assumption.

In this paper, we investigate the interaction between a
precipitation front and an incident disturbance. The prob-
lem envisaged here is the one-dimensional (1D) equiv-
alent of an equatorial Kelvin or Rossby wave coming
across the edge of a precipitating region, although a sim-
ilar problem could arise under other circumstances. In
section 3, the theory for precipitation fronts is recast in
terms of a Riemann problem. The governing equations
can be re-written in terms of Riemann invariants that are
conserved along the corresponding characteristics. In the
dry regions, there are three Riemann invariants, two of
them corresponding to propagating gravity waves, and
a third one corresponding to a moisture trace advected
by the background flow. In the moist regions, there
are only two invariants corresponding to coupled con-
vective–gravity waves. Each type of precipitation front
intercepts three different characteristics, while only two
characteristics are radiating away from the front. It is
shown that the front speed and the Riemann invariants
on the two outgoing characteristics are uniquely deter-
mined by the invariants on the incident characteristics.
It is also shown that precipitation fronts are associated
with a nonlinear transmission and reflection of a signal
incident on the fronts. In the case of a small perturba-
tion, linear reflection and transmission coefficients can be
determined analytically. These calculations indicates that
the precipitation fronts can amplify a disturbance through
over-reflection or over-transmission of an incoming sig-
nal. It is also shown that the encounter of a precipitation
front and a humidity perturbation will generate gravity
waves on both sides of the fronts.

In section 4, we present numerical simulations of the
reflection and transmission of tropical disturbances at
a precipitation front using the model of Khouider and
Majda (2005a,b). Stationary precipitation fronts can be
present at the edge of the moist regions in a Walker-like
circulation in both one and two dimensions, as discussed
in the Appendix. Three simulations show the interactions
between a front and a dry gravity wave, between a front
and a convectively coupled gravity wave, and between

a front and a moisture perturbation. These results are
summarized in the last section, along with a discussion
of the implications of the precipitation front theory for
atmospheric dynamics.

2. Precipitation fronts

2.1. Model equations

The model used in FMP is based on a Galerkin truncation
of the equations of motion into two vertical modes,
an approach similar to the QTCM of Neelin and Zeng
(2000). An equivalent set of equations can also be
obtained for a two-layer model such as that of Lapeyre
and Held (2004). For simplicity, the present discussion
is limited to a 1D problem, but a complete treatment of
a 2D precipitation front can be found in FMP. The zonal
wind is given as the sum of the barotropic wind U and
first baroclinic mode U1:

U(x, z, t) = U + U1(x, t)�U(z),

with �U(z) = cos(z) the structure function for the wind.
(z is a normalized depth that ranges from 0 at the
surface to 1 at the tropopause.) In contrast with FMP,
we will assume that barotropic wind U is prescribed.
The temperature and humidity are given by

T (x, z, t) = T (z) + T1(x, t)�T (z)

and Q(x, z, t) = Q(z) + Q1(x, t)�Q(z),

where T (z) and Q(z) are horizontally uniform tempera-
ture and humidity reference profiles, and �T (z) = sin(z)

and �Q(z) = 1 are the structure functions for temperature
and humidity. For simplicity, there is no external energy
sources such as evaporation and radiative cooling in this
section, although these will be included in section 4 in
our examination of the steady Walker cell. The equations
of motion, after FMP, are

∂tU1 + U∂xU1 = ∂xT1, (2a)

∂tT1 + U∂xT1 = c2
d∂xU1 + P, (2b)

∂tQ1 + U∂xQ1 = −c2
d�Q∂xU1 − P. (2c)

Here, the abbreviations ∂t and ∂x are used to denote the
partial derivative with respect to time and the x direction.
In the absence of precipitation (i.e. P = 0), the equations
for baroclinic wind (2a) and temperature (2b) reduce to
the shallow-water equations with a characteristic speed
cd. This dry propagation speed can be obtained from
the Galerkin truncation. The procedure followed by FMP
yields a value of

c2
d = 1

π
HCp∂zT + gH,

with H the depth of the atmosphere, and Cp the heat
capacity at constant pressure. Typical values for the
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Tropics would yield a propagation speed cd between 40
and 50 m s−1.

The moisture stratification �Q is a function of the
reference humidity profile Q and structure function. A
complete derivation of these equations is available in
FMP, which is itself adapted from the procedure used in
the QTCM (Neelin and Zeng, 2000). A key difference
between the FMP model and the QTCM is that the
humidity advection in our model is done solely by the
barotropic wind. This results from the use of a uniform
structure function in height for the humidity. In contrast,
the QTCM includes a baroclinic advection term in the
moisture equation. The potential consequences of such
baroclinic moisture advection for the dynamics of the
precipitation fronts are discussed in the final section.

The system of equations is incomplete until the pre-
cipitation rate P is specified. FMP consider a simple
representation of deep convection in which precipitation
relaxes the humidity perturbation to a reference value (in
non-dimensional units) in regions where deep convec-
tion is active. In regions where convection is inactive,
i.e. where the perturbation humidity is smaller than the
critical value, the precipitation vanishes. This yields

P = Q1 − Q∗
τ

for Q1 > Q∗

= 0 for Q1 ≤ Q∗. (3)

Here, τ is the convective relaxation time, and Q∗ is
the critical humidity at which convection is initiated.
The critical humidity can be chosen to be a function of
temperature (Q∗ = Qs + αT1), so that (3) can be viewed
as relating the amount of precipitation to the amount of
CAPE in the column. However, FMP show that, if a new
humidity variable is defined by

Q′
1 = Q1 − Qs − αT1,

one obtains a new set of equations which is mathemat-
ically equivalent to the case Q∗ = 0, so only this case
is discussed hereafter. (From a physical point of view,
the rescaled variable Q′

1 measures the convective insta-
bility in the column, and the humidity variable in the case
Q∗ = 0 should be interpreted as a substitute for CAPE.)

Formulation (3) for the precipitation rate corresponds
to a Betts–Miller type of relaxation scheme. In the SQE
limit, i.e in the limit of vanishing τ , precipitation instan-
taneously relaxes the water content to its saturation value
Q∗ = 0 in the moist region. In this case, the precipita-
tion must balance exactly the large-scale destabilization.
In this case, we have

P = −c2
d�Q∂xU1 for Q1 = 0 and ∂xU1 < 0, (4a)

P = 0 for Q1 < 0 or ∂xU1 > 0. (4b)

In the moist regions where (4a) applies, the temperature
equation (2b) can then be written as

∂tT1 + U∂xT1 = (1 − �Q)c2
d∂xU1. (5)

The moist regions in the SQE limit are governed
by (2a) and (5) which correspond to the shallow-water
equations with a moist propagation speed cm that is
smaller than the propagation speed in the dry region:

cm = (1 − �Q)1/2cd. (6)

In our simplified model, �Q is the ratio of the latent
heat stratification to the dry static energy stratification.
It depends on the structure functions for the vertical
velocity and humidity and temperature. Yu et al. (1998)
have shown that in the Tropics, the stratification for latent
heat and dry static energy are closely balanced, which
implies a value of �Q ≈ 0.9. The corresponding moist
speed is approximately cm ≈ 0.3cd ≈ 15 m s−1.

(2a)–(2c) reduce to the linear shallow-water equations,
with different propagation speeds within the dry and
moist regions. However, we have yet to describe how
the boundary between the dry and moist regions itself
evolves. This part of the problem is where the funda-
mental nonlinearity remains because the switch between
precipitating P > 0 to non-precipitating P = 0 regimes
is itself nonlinear. Before addressing the proper treat-
ment for the interface between dry and moist regions in
section 2.3, one must first ensure that the SQE limit is
mathematically consistent when dry and moist regions
are present.

2.2. Dissipation and smoothness of the solutions

In this section, we show that the solutions of (2a)–(3)
are well-behaved in the SQE limit of infinitely short
convective adjustment. Well-behaved here means that
solutions are bounded and meet certain smoothness
properties. The smoothness of the solution is the key
element that will then be used to obtain the evolution
of the interface between the dry and moist regions in
section 2.3. From a physical point of view, a quantity
that can be interpreted as a moist version of the available
potential energy is found to be decreasing with time,
implying that the SQE system is dissipative.

An equation for the sum of the available potential
energy and kinetic energy can be obtained by multiplying
(2a) by c2

dU1 and (2b) by T1 and adding them:

(∂t + U∂x)

(
c2

d|U1|2
2

+ T 2
1

2

)
= ∂x(c

2
dU1T1) + PT1.

(7)

In the absence of precipitation (P = 0), the right-hand
side is the divergence of a flux, and (7) corresponds
to the global conservation of the sum of the available
potential energy and kinetic energy in the shallow-water
equations. However precipitation can act as a source or a
sink of available potential energy depending on whether
it is positively or negatively correlated with temperature.
Hence, the sum of available and kinetic energy is not
necessary conserved here.
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It is nevertheless possible to add an additional compo-
nent to the energy equation to account for the fluctuations
of moisture. First, a saturation temperature is defined by

Tw = T1 + Q1

�Q
.

Its tendency is obtained by combining (2b) and (2c):

∂tTw + U∂xTw = −1 − �Q

�Q
P (8)

The saturation temperature can be thought of as the
temperature that the atmosphere column would have if
it were brought to saturation (Q1 = 0) by imposing the
necessary vertical motion in the column. (8) indicates that
precipitation reduces the saturation temperature, which is
otherwise unaffected by the circulation.

A moist available energy, ε, can then be defined as

ε = c2
d |U1|2

2
+ T 2

1

2
+ �Q

1 − �Q

T 2
w

2

= c2
d |U1|2

2
+ T 2

1

2
+ (�QT1 + Q1)

2

2�Q(1 − �Q)
. (9)

The tendency for ε is

∂tε + U∂xε − ∇ · (c2
d U1T ) = −PQ1

�Q
. (10)

In quasi-equilibrium, the precipitation is correlated
with humidity (3), and the first term on the right hand-side
is always negative:

∂t ε − ∇ · (c2
d U1T ) ≤ 0. (11)

This indicates that the quasi-equilibrium system is a
dissipative system. On a closed domain, the integral
of ε can only decrease. As this integral is a quadratic
norm, this guarantees that solutions remains bounded
for all time. In SQE, the correlation between P and Q

vanishes in the dry and moist regions. It may seem that
the system becomes non-dissipative. However, as τ−1

becomes infinitely large, there is significant dissipation
in a narrow region at the interface between the dry and
moist regions.

Remarkably, the dissipative nature of the SQE system
extends to the first-order derivatives of the state vari-
able. We introduce the notation W = −∂xU1, Tx = ∂xT1

and Qx = ∂xQ1 for the gradients of the original state
variables. A quantity εgrad is defined by

εgrad = c2
d W 2 + c2

d T 2
x

2
+ (�QTx + Qx)

2

2�Q(1 − �Q)
. (12)

Its tendency is given by

∂t εgrad + U∂xεgrad + ∂x(c
2
d WTx) = −Qx∂xP

�Q
. (13)

As long as precipitation is a monotonically increasing
function of humidity, i.e dP/dQ1 > 0, the right-hand
side of (13) is always negative:

−Qx∂xP

�Q
= −

dP

dQ1
(Qx)

2

�Q
< 0. (14)

Precipitation acts as a dissipative mechanism that
reduces the global integral of εgrad.

The fact that precipitation acts as a dissipative mecha-
nism for both ε and εgrad has important implications for
the mathematical behavior of the solutions. The global
integral of the sum of ε and εgrad is a norm for the Sobolev
space H1 of functions with square integrable first deriva-
tives. Such a space includes continuous functions which
are piecewise differentiable, but excludes discontinuous
functions. The dissipative nature of ε and εgrad guaran-
tees that if one starts with an initial condition belonging
to the Sobolev space H1, it will remain there at all time.
In particular, solutions with smooth initial conditions do
not develop any discontinuities in U , T , or Q. This also
ensures that solutions with discontinuities in their first-
order derivatives are well-behaved and can be solved in
the weak sense.

Higher-order derivatives do not exhibit the same dis-
sipative properties. If one constructs an equivalent to
ε based on the second derivatives, its tendency would
include the term

−∂xxP ∂xxQ = − dP

dQ
(∂xxQ)2 − d2P

dQ2 (∂xQ)2∂xxQ.

The second term on the right-hand side can be of either
sign, and second-order derivatives can grow indefinitely
on the convective time-scale. In the SQE limit of
infinitely fast adjustment, this leads to an instantaneous
generation of a discontinuity in the first derivatives of
the state variables and in the precipitation rate. These
discontinuities which develop at interfaces between dry
and moist regions in the SQE limit are referred to as
precipitation fronts.

2.3. Propagation of precipitation fronts

The governing equations can be rewritten in terms of
the first-order derivatives W = −∂xU1, Tx = ∂xT1 and
Qx = ∂xQ1, assuming no barotropic wind:

∂tW + U∂xW = −∂xTx, (15a)

∂tTx + U∂xTx = −c2
d ∂xW + ∂xP, (15b)

∂tQx + U∂xQx = �Qc2
d ∂xW − ∂xP . (15c)

Discontinuities in W , Tx , or Qx can be handled by
using a weak formulation of the equations in which the
governing equations (15a)–(15c) are integrated across the
discontinuity. The fact that such solutions are mathemati-
cally well-behaved is guaranteed by the dissipation of the
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quantities ε and εgrad discussed in the previous section.
Solutions are assumed to be of the form (W, Tx, Qx)(x −
{U + s}t), with the discontinuity located at x − (U +
s)t = 0, with s the displacement speed of the discon-
tinuity respectively to the barotropic background wind. It
is assumed here without loss of generality that the moist
region is located on the positive side of the front. In
practice, this means that, for an equation of the form

∂tφ = ∂xF (φ),

integrating across a jump at x = 0 yields

−s[φ] = [F(φ)].

The bracket denotes a difference taken across the
interface [φ] = φ+ − φ−, and the indices + and − refer
to the value of the function on the right and left side
of the interface. The key assumption here is that the
solution φ remains square integrable at all time. In the
case of the moisture fronts, the dissipation of ε and εgrad

((10) and (13)) guarantees that the solutions are well-
defined. Applying this procedure to (15a)–(15c) yields
the Rankine–Hugoniot conditions for this system:

−s[W ] = −[Tx], (16a)

−s[Tx] = −c2
d[W ] + [P ], (16b)

−s[Qx] = c2
d�Q[W ] − [P ]. (16c)

This is a system of three equations with nine unknowns.
(4a)–(4b) yield the precipitation rates on both sides of the
fronts:

P+ = c2
d�QW+, (17a)

P− = 0. (17b)

Using these in (16a) and (16b) gives the expression for
the propagation speed of the front

s2 = c2
mW+ − c2

d W−
W+ − W−

. (18)

However, not all solutions are valid. The solutions
within the dry and moist regions must meet the con-
straints for the sign of both precipitation and humidity
perturbation. Namely, on the moist side of the precipi-
tation front, the precipitation must be positive, and the
humidity is 0, i.e.

P+ = c2
d �QW+ ≥ 0, (19a)

Qx+ = 0. (19b)

Conversely, on the dry side, the precipitation vanishes,
but the humidity must be negative:

P− = 0, (20a)

Qx− = −1

s
�QW− ≥ 0. (20b)

These constraints restrict the range of values s that
can be realized. FMP identify three different sets of
preciptation fronts: drying fronts, slow moistening fronts
and fast moistening fronts. A drying front occurs when
the interface moves into the moist region (s > 0), with

Drying front: W+ > 0, W− < 0, cm < s < cd. (21)

Moistening fronts correspond to the interface moving
into the dry region (s < 0). The propagation can either be
faster than the dry speed in the case of a fast moistening
front, with

Fast moistening front: W− > W+ > 0 , s < −cd, (22)

(the negative front velocity here indicates a front propa-
gating into the dry regions (x < 0)), or slower than the
moist speed with

Slow moistening front: W+ > W− > 0 , −cm < s < 0.

(23)

The numerical experiments presented in FMP show
that all three types of front are realizable and stable for
small convective but finite adjustment time.

3. Precipitation fronts as a Riemann problem

The precipitation fronts found move at a speed that is
distinct from the dry or moist speed. They intercept
signals emanating from either the dry or moist regions,
or both. The expression (10) cannot be used directly to
predict the propagation speed of a front, as the vertical
velocities on both sides of the front depend in part of
the behaviour of the front itself. Instead, a self-consistent
solution requires a recasting of the problem in terms
of the Riemann invariants, and to determine the front
speed from the values of the Riemann invariants on the
characteristics incident on the front.

3.1. Characteristics in the moist and dry regions

The equations of motion (15a)–(15c) can be recast as the
propagation of a set of Riemann invariants propagating
along the corresponding characteristcs. The problem here
differs from the traditional Riemann problem that one
encounters when studying the propagation of sound
waves or shallow-water waves in that the Riemann
invariants are different in the dry and the moist regions.
In fact, due to the dissipative nature of the precipitation,
it will be shown that there is one less Riemann invariant
in the moist regions than in the dry regions.

In the dry regions, with P = 0, the three Riemann
invariants are

Adp = W + Tx

cd
, (24a)

Adn = W − Tx

cd
, (24b)

Adq = �QTx + Qx. (24c)

Copyright  2008 Royal Meteorological Society Q. J. R. Meteorol. Soc. 134: 913–930 (2008)
DOI: 10.1002/qj



REFLECTION AND TRANSMISSION OF TROPICAL DISTURBANCES 919

The equations can be rewritten as

∂t (Adn) + (U − cd)∂xAdn = 0, (25a)

∂t (Adp) + (U + cd)∂xAdp = 0, (25b)

∂t (Adq) + U∂xAdq = 0. (25c)

The three invariants propagate on three characteristics.
The first two correspond to eastward- and westward-
propagating gravity waves. The third invariant is the
derivative of the quantity Tw introduced in section 2.
It can be thought of as a moisture trace that retains
information on the initial moisture distribution and is
advected by the mean barotropic wind.

In the moist regions, precipitation enforces the humid-
ity to be 0, and the system has one less one degree of
freedom. It can be described by two Riemann invariants

Amp = W + Tx

cm
, (26a)

Amn = W − Tx

cm
. (26b)

The governing equations then become

∂tAmn + (U − cm)∂xAmn = 0, (27a)

∂tAmp + (U + cm)∂xAmp = 0, (27b)

Qx = 0. (27c)

These equations describe westward- and eastward-
propagating waves moving at a speed cm.

The evolution of the flow for a given set of initial
conditions can be determined by the method of character-
istics. For an atmosphere that is uniformly dry or moist,
it is straightforward to determine the flow at any time by
using conservation of Riemann invariants along the dif-
ferent characteristics. In the presence of a precipitation
front however, one must also determine the propagation
speed and the value of the characteristics coming out
of the front from the knowledge of the incident charac-
teristics. Each of the three types of precipitation fronts
described in section 2 has three incident characteristics
for only two ongoing ones. This makes it possible to
solve the jump conditions (16a)–(16c) to obtain the front
speed and outgoing characteristics from the knowledge of
the incident characteristics for each type of front.

3.2. Drying front

A dry front propagates into the moist region at a speed
(relative to the ambient barotropic wind) between the dry
and moist speeds, as illustrated in Figure 1. There are
three incident characteristics: the two moist characteris-
tics Amp and Amn, and the incident dry characteristic Adp

that catches up with the front from the dry side. From
these, we need to determine the propagation speed of the
front s, and the values of the two characteristics Adn and

Figure 1. Schematic representation of the characteristics interact-
ing with a propagating dry front. The front is propagating into the
moist region, at a speed that is intermediate between that of the
dry and moist characteristics. The moisture trace corresponds to the
third characteristic in the dry region associated with the fluctua-
tions of water vapour. This figure is available in colour online at

www.interscience.wiley.com/qj

Adm that emanate from the front. This can be done by
solving the system of equations (16a)–(16c), yielding

s = 2Adp + cm(1 − c2
m)Amn − cm(1 + c2

m)Amp

2Adp − (1 − cm)Amn − (1 + cm)Amp
, (28a)

Adn =
AdpAmp(1−cm)2+AdpAmn(1+cm)2−4AmpAmnc

2
m

4Adp − Amn(1 − cm)2 − Amp(1 + cm)2 ,

(28b)

Adq = cm(1 − c2
m)

× (1+cm)AdpAmn−(1−cm)AdpAmp−2cmAmnAmp

−2Adp − cm(1 − cm)Amn + cm(1 + cm)Amp
.

(28c)

The propagation speed s here is taken relative to the
barotropic wind. It is a nonlinear function of the incident
characteristics. Figure 2(a) shows the variation of the
front speed as a function of the incident dry wave, for
cd = 1 and Amp = Amn = 1.0. For a weak incident dry
wave with Adp ≈ cmAmn, the fronts move at a low speed,
with s ≈ cm to cd. For a stronger dry incident wave with
Adp >> Amn, the front speed becomes close to the dry
propagation speed cd. Figure 2(b) shows the amplitude
of the dry gravity wave emanating from the same front.

3.3. Slow moistening front

The slow moistening front propagates into the dry region
at a speed between 0 and the moist speed, as illustrated
in Figure 3. The slow moistening front intersects three
characteristics: the dry and moist characteristics Adp

and Amn, and the stationary moisture trace Adq. The
propagation speed s and the Riemann invariants on the
two emanating characteristics Adn and Amp are obtained
by solving (16a)–(16c):
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s = − (cm − c2
m) [Adp + cmAmn]

Adq + (cm − c2
m)(Amn − Adp)

(29a)

Adn = Adp(cm − 1) [Adq + cm(1 + cm)2Amn] + 2c2
mAdqAmn

(1 + cm)Adq + (cm − c3
m)[(1 − cm)Amn − 2Adp]

(29b)

Amp = Amn(cm − c2
m) [Adp(1 + cm)2 + Adq] + 2AdpAdq

(cm + c2
m) [Adq + Adp(1 − cm)2 + 2Amn(cm − c2

m)]
. (29c)

Figure 4 shows the propagation speed of a slow
moistening front as a function of the amplitude of the
dry incident wave. When the incident dry and moist
invariants are comparable with Adp ≈ cmAmn, the front
speed is close to zero. The front speed increases to cm as
the ratio Amn/Adp increases.

3.4. Fast moistening front

The slow moistening front propagates into the dry region
at a speed faster than the dry speed, as illustrated in
Figure 5. The fast moistening front intersects all three
characteristics in the dry regions: both gravity wave
characteristics Adp and Adn, and the stationary moisture
trace Adq. The propagation speed s and the two outgoing
invariants are obtained by following the same procedure
as before:

s = − (1 − c2
m) (Adp + Adn)

c2
m(Adn − Adq) − Adn + Adp − 2Adq

(30a)

Amp = Adn(1 − cm) [Adq + 2Adp(c2
m + cm)] + AdpAdq(cm + 1)

(cm − c3
m) [Adp(1 − cm) + Adn(1 + cm)] + 2Adqc

2
m

(30b)

Amn = Adn[2Adp(cm − c3
m) − (1 + cm)Adq ] − AdpAdq(1 − cm)

(cm − c3
m) [Adn(1 − cm) + Adp(1 + cm)] − 2Adqc

2
m

. (30c)

A fast moistening front propagates faster than any
characteristics. There is thus no information carried by
the front itself. Rather than a propagating signal, one can
think of such a front as being associated with the onset
of precipitation over a wide area when the atmospheric
column become convectively unstable.

3.5. Reflection and transmission

Precipitation fronts propagate at a speed that is distinct
from that of the characteristics in moist and dry regions.
The front speed is such that they always intercept three
characteristics, while only two characteristics emanate
from the front. When either side of the front is perturbed,
a signal will propagate on a characteristic incident to the
front. When the perturbation reaches the front, it will
affect both the motion of the front and the characteristics
emanating from it. This is inherently a nonlinear problem,
and indeed all the expressions for the various outgoing

invariants (28a)–(30c) are nonlinear functions of the
incoming invariants. Nevertheless, some insights can
be gained by examining the linear problem that arises
when considering the propagation of a small perturbation
superimposed on a background flow.

From the point of view of linear wave theory, the
moist and dry regions are characterized by two different
refraction indices. The abrupt transition in the refraction
index that occurs at the precipitation front results in
partial refraction and partial transition of an incident
wave. Suppose that the initial conditions are given by
specifying the invariants Ain,l(x), l = 1, 2, 3 on the three
incident characteristics at time 0. The location of the
front xF(t) must here obey dxF/dt = s, since the front
speed obtained s from the value of the characteristics
given by (28a), (29a) or (30a). Furthermore, the value of
the invariant Aout,k(t), k = 1, 2 on the two characteristics

emanating from the front at time t can also be determined
from the incoming invariants, i.e.

Aout,k(t) =Aout,k
[
Ain,1{xF(t) − c1t},

Ain,2{xF(t) − c2t}, Ain,3{xF(t) − c3t}
]
. (31)

Here, the two functions Aout,k , for k = 1, 2 are given
by (28b)–(28c), (29b)–(29c) or (30b)–(30c).

We can now separate the initial condition between an
unperturbed condition A0

in,l(x) and a small disturbance
A1

in,l(x), i.e

Ain,l(x) = A0
in,l(x) + δA1

in,l(x) for l = 1, 2, 3, (32)

with δ an arbitrary small parameter. The invariants on the
outgoing characateristics can be then expanded in terms
of the δ parameter:

Aout,k(t)=A0
out,k(t)+δA1

out,k(t)+o(δ2) for k=1, 2.

(33)
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(a)

(b)

Figure 2. (a) Propagation speed, s, of a dry front as a function of the
amplitude, Adp, of the incident dry wave. (b) Amplitude, Adn, of the dry
wave generated by a dry front as a function of the amplitude, Adp, of the
incident dry wave. In both panels, cm = 0.3, and Amp = Amn = 1.0.

Figure 3. As Figure 1, but for the characteristics incident to a slow
moist front propagating into the dry region at a speed lower than that
of the moist characteristics. This figure is available in colour online at

www.interscience.wiley.com/qj

The leading order term A0
out,k is the solution of the

unperturbed problem. The linear response to a small
perturbation A1

out,k can be obtained by expanding (31)
in terms of δ. As long as the scale at which the
unperturbed condition varies is much larger than the scale
of perturbations, we can neglect the effects of the small
variations in the location of the front xF(t). In this case,
the linear response is

A1
out,k =

3∑
l=1

∂Aout,k

∂Ain,l

A1
in,l{xF(t) − clt}. (34)

Figure 4. Propagation speed, s, of a moist front as a function of the
amplitude, Adp, of the incident dry wave, for cm = 0.3, Amn = 1 and

Adq = 0.

Figure 5. As Figure 1, but for the characteristics incident to a fast
moist front propagating into the dry region at a speed lower than that
of the moist characteristics. This figure is available in colour online at

www.interscience.wiley.com/qj

The partial derivatives of (28b)–(28c), (29b)–(29c) or
(30b)–(30c) correspond to the reflection and transmission
coefficients for a small incident pertubations. For exam-
ple, the reflection coefficient for a incident dry wave on
a dry front is given by

R = ∂Adn

∂Adp

∣∣∣∣
Amp,Amn

. (35)

For any given front, we have a set of six different
reflection–transmission coefficients given by the deriva-
tives of the two outgoing amplitudes by the three incom-
ing signals. These coefficient are not constant but depends
on the incident characteristics. Figure 6 shows two of the
reflection and transmission coefficients for a drying front
as function of the magnitude of the incident dry charac-
teristic Adp. In addition, as the different characteristics
have different speeds relative to the front, the frequency
and wavelength of the reflected/transmitted signals will
be different.

In addition to the two propagating gravity waves, the
dry region has a third characteristic: the moisture trace
Adq . This characteristic accounts for the fluctuation of
the water vapor content in the moist region, and inter-
acts directly with the different front. As illustrated in
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(a)

(b)

Figure 6. Reflection and transmission coefficients for a drying front as
function of the amplitude, Adp , of the incident dry wave, for cm = 0.3,
Amn = Amp = 1. (a) Reflection coefficient ∂Adn/∂Adp for an incident
dry wave. (b) Transmission coefficient ∂Adn/∂Amn for a moist wave

moving toward the dry region.

Figures 1 and 3, a moisture trace emanates from a dry-
ing front, and intercepts a moistening front. In particular,
when a moistening front encounters a perturbation in the
water vapor content, gravity waves will be generated in
both the dry and moist regions. For a small amplitude
pertubation, Figure 7 show the ‘reflection’ and ‘transmis-
sion’ coefficients for a moisture trace perturbation inci-
dent on moistening front. ‘Reflection’ here refers to the
gravity wave emanating in the dry region – the same side
as the the moisture trace – while ‘transmission’ refers to
the gravity wave propagating on the moist side – opposite
to the moisture trace.

Remarkably, precipitation fronts allow for both over-
reflection and over-transmission of the incoming signal.
Indeed, Figure 8(a) shows that the reflection coefficient
for an incoming dry wave on a slow moist front can be
larger than one. Similarly, Figure 8(b) indicates that the
transmission coefficient for an incoming dry wave on the
same slow moist front could be as large as 5. In both
cases, fluctuations in the vertical velocity are amplified
after encountering the precipitation front.

4. Interactions between a stationary front and a
propagating disturbance

We will now illustrate the concepts discussed in the
previous sections by looking at the interactions between
a small disturbances and the edge of a moist region

(a)

(b)

Figure 7. Reflection and transmission coefficient for the moisture trace
incident to a moistening front for cm = 0.3, Amn = 1, and Adq = 0,
as a function of the amplitude, Adp, of the incident dry wave: (a)
‘reflection’ coefficient ∂Adn/∂Adq for the gravity wave emanating in
the dry region. (b) ‘transmission’ coefficient ∂Amp/∂Adq for the gravity

wave emanating in the moist region.

of a Walker-like circulation. Precipitations can be made
stationary through the advection of moisture. In the
simple model used here, it is done by adding a uniform
barotropic wind. Necessary conditions for the presence
of a stationary precipitation front, as well as analytic
solutions for idealized Walker circulations in one and two
dimensions, are derived in the appendix.

The equations here are the same as (2a)–(2c) with
additional terms for evaporation, radiation and damping:

∂tU1 + U∂xU1 = ∂xT − U1

τD
(36a)

∂tT + U∂xT = c2
d∂xU1 + P + Teq − T

τD
(36b)

∂tQ + U∂xQ = −c2
d�Q∂xU1 − P + Qeq − Q

τD

(36c)

Here, the damping time-scale τD is taken to be τD = 10
days for all three variables. The equilibrium temperature
Teq and Qeq can be any function of the location. Here,
we will use

Teq = 0, (37a)

Qeq = sin
(

2πx

L

)
, (37b)
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(a)

(b)

Figure 8. Reflection and transmission coefficients for a dry wave
incident on a moistening front for cm = 0.3, Amn = 1, and Adq = 0, as
a function of the amplitude, Adp, of the incident dry wave: (a) reflection
coefficient ∂Adn/∂Adp, and (b) transmission coefficient ∂Amp/∂Adp.

with L = 40 000 km the size of the domain. The
barotropic wind is U = −0.1cd = 5 m s−1. The equations

are solved using the numerical model of Khouider and
Majda (2005a,b) on a 40 000 km domain, with 4096
gridpoints. The convective adjustment time here is τ =
30 minutes.

A stationary solution is obtained by integrating the
solutions for 400 days. The results is shown in Figure 9.
A moist region with large-scale ascent and heavy precip-
itation is located over the warm water. A stationary pre-
cipitation front is present on the eastern side of the moist
region, with discontinuities in the precipitation rate P and
in the partial derivatives of U , T , Q. In contrast, there is
no such discontinuity on the western side of the precipi-
tation region as the precipitation rate goes smoothly to 0.
The solution is consistent with the theoretical prediction
presented in the Appendix, and the stationary front can
be interpreted as a slow moistening moving at a speed
s = −U against the mean background flow.

A new initial condition is obtained by adding a small
perturbation to the the stationary solution. The initial
perturbation is chosen so that it is localized in space and
projects on a single Riemann invariant. The solution is
then computed for 20–80 days. Because of the damping
terms introduced in (36a)–(36c), all free-wave solutions
from the original system (2a)–(2c) decay on a time-
scale of τD = 10 days. To compensate for this additional
damping, the figures show the amplified perturbation

φ′
a = exp

(
t

τD

)
{φ′(x, t) − φ0(x)},

with φ′ the perturbed solution, and φ0 the station-
ary solution. We present here three experiments: a

Figure 9. Stationary solution of the idealized Walker cell simulations. From the top: precipitation P , humidity Q1, horizontal wind U1, and
temperature T1 . This figure is available in colour online at www.interscience.wiley.com/qj
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westward-moving disturbance initiated in the dry region,
an eastward-moving disturbance starting in the moist
region, and a moisture perturbation in the dry region.

The evolution of the westward-moving disturbance is
shown on Figure 10, with the panel on the left show-
ing the amplified zonal wind pertubation, and the panel
on the right showing the amplified precipitation pertur-
bation in the moist region (roughly for 4 000 km< x <

13 500 km), and the humidity precipitation elsewhere.
The disturbance moves westward until it encounters a
precipitation front, at which point there is a sharp drop
in the precipitation rate, followed by a period of enhanced
precipitation. This succession of weaker then stronger
precipitation at the front is due to the fact that the
perturbation in zonal wind here is positive, and thus
corresponds to downward velocity on its western side
and upward velocity on its eastern side. After its initial
encounter with the front, the disturbance has been split
between a westward-moving convectively coupled grav-
ity wave in the moist regions, and a reflected eastward-
moving gravity wave in the dry regions.

In Figure 10, the maximum zonal wind perturbation
occurs when the westward-propagating gravity wave

(a)

(b)

Figure 10. Time evolution of a westward-moving disturbance. (a)
amplified zonal wind pertubation (solid) and edge of the precipitation
regions (dashed). (b) amplified humidity perturbation (dashed) and
amplified precipitation perturbation (solid). This figure is available in

colour online at www.interscience.wiley.com/qj

encounters the precipitation front. This amplification is
due to the over-transmission of the wave at the front.
To confirm this, we show in Figure 11 the zonal wind
perturbation before, during and after it encounters the
front. The latter clearly exhibits the transmitted and
reflected signal. As discussed in Emanuel (1993), the use
of a finite value for the convective adjustment time results
in a damping of the convectively coupled gravity waves.
For small convective-adjustment time, the damping time-
scale is proportional to k2τc, and is here close to
5 days. This damping is clearly evident in Figure 10.
For comparison, Figure 11 compares the evolution of the
same perturbation for convective adjustment time of 30
and 3 minutes. In the latter case, the transmitted signal is
clearly larger than the incoming wave, and the maximum
of the zonal wind is associated with the transmitted wave.
It should be stressed that different variables are amplified
differently. For instance, the vertical velocity perturbation
is amplified by slightly more than a factor of 3 – due
to fact that the horizontal scale of the disturbances
is much shorter in the moist regions than in the dry
regions – which is in good agreement with the value
found in Figure 8.

Around day 8, the transmitted convectively coupled
gravity-wave reaches the western edge of the moist
regions, and so does the reflected gravity waves at
around day 10. In both cases, we can observe gravity
waves emanating in the dry and moist regions. In
addition, there is a disturbance in the humidity field
corresponding to the advection of the moisture trace by
the barotropic wind. Such behaviour is not surprising
if one views the transition between the dry and moist
regions as an abrupt change in the refraction index.
However, in the SQE limit, there are only two incident
Riemann invariants for three outgoing characteristics,
and the Riemann problem would be underdetermined at
the interface. The theory discussed in section 3 cannot
be used to quantitatively predict the behaviour of the
disturbance at the western side of the moist regions.
However, as the solution is smooth on the western edge
the precipitation regions, it can be obtained by simply
matching the state variables.

Figure 12 shows the evolution of an eastward-
propagating convectively coupled gravity wave initiated
in the moist region. The initial condition used here is
slightly unbalanced which results in a weak westward-
moving disturbance. Once the perturbation encounters
the precipitation front, it splits between a transmitted
dry gravity wave and a reflected moist gravity wave.
In contrast to the dry gravity wave, the reflected and
transmitted signals are weaker than in the incoming sig-
nal, though some of this should be attributed to the
damping of the convectively coupled gravity waves. As
in the case of the westward-propagating wave, one can
observe a new set of waves generated when the distur-
bance later encounters the western side of the precipita-
tion region.

Figure 13 shows the evolution of a disturbance of the
moisture field. For the first 35 days, the perturbation
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Figure 11. Zonal wind perturbation from the westward-propagating disturbance. (a) shows the solution for an adjustment time of 30 minutes,
while (b) shows the same propagation for an adjustment time of 3 minutes. The solid line shows the disturbance before it encounters the front at
time t = 1 day, the dash-dotted line shows the disturbance around the time it encounters the front at t = 2 days, and the dashed line shows the
reflected and transmitted signal. The difference between the two panels is primarily due to the damping of convectively coupled gravity waves

for finite convective adjustment time. This figure is available in colour online at www.interscience.wiley.com/qj

is slowly advected by the barotropic flow, and is only
apparent in the humidity field. Upon its encounter with
the precipitation front, the perturbation affects the pre-
cipitation rate, and generates a pair of gravity waves.
The behaviour of the moisture perturbation also illus-
trates a particular issue for forecasting convection and
tropical weather. Indeed, the moisture trace evolves very
slowly on the advection time-scale. However it has no
effect on the dynamics until it reaches a region of active
convection, at which point its impact on the convec-
tion results in the generation of two gravity waves. This
makes the assimilation of moisture particularly difficult,
as moisture has its strongest impact at the interface
between the dry and moist regions, but little effect else-
where.

5. Discussion

In the limit of very short relaxation time, the quasi-
equilibrium assumption results in solutions with a discon-
tinuity in the precipitation field and the first derivatives
of the state variables. These discontinuities, called pre-
cipitation fronts, occur at the interface between the dry
and moist regions, and behave similarly to hydrodynam-
ical shocks. Their propagation speeds can be obtained
through a weak formulation of the equations of motions,
and are distinct from the propagation speeds of the dry
and moist characteristics of the system. Only specific

ranges for the values of the frontal speed are permitted,
which led FMP to classify the fronts into three cate-
gories: the drying front, the fast moistening front and the
slow moistening front. Combining the precipitation fronts
theory of FMP with the SQE framework of Emanuel
et al. (1994) offers a very simple conceptual framework
to discuss the dynamics of the tropical atmosphere. In
this framework, disturbances in dry and moist regions
obey the linear shallow-water equations with different
propagation speeds. The system however remains non-
linear due to the requirement that precipitation be always
positive, which is captured by the nonlinear behaviour
of the precipitation fronts. In this paper, we use this
framework to analyze when an atmospheric disturbance
moves between the precipitating and non-precipitating
regions.

In section 3, we have recast the precipitation front
theory in terms of the Riemann invariants, and shown
how to obtain the propagation speed of the front as well
as the values of the Riemann invariants emanating from
the front. Disturbances encountering a precipitation front
can be treated as moving between regions with differ-
ent refractive indices. Hence, perturbations incident to
a precipitation front will be partially reflected and par-
tially transmitted across the front. Such reflection and
transmission at the front is intrinsically a nonlinear prob-
lem. Nevertheless, a linear analysis confirms the reflec-
tion and refraction properties of the front, and indicates
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(a)

(b)

Figure 12. As Figure 10, but for an eastward-propagating disturbance.
This figure is available in colour online at www.interscience.wiley.

com/qj

that the amplitude of a disturbance can actually increase
through over-reflection or over-transmission across the
frontal boundary.

In section 4, we provided three examples of the
transmission and reflections by looking at the interactions
between a small perturbation and an idealized Walker-
like circulation. We found significant amplification of an
incoming dry gravity wave as it crosses a precipitation
front. Interestingly, as at finite convective adjustment
time, coupled convective gravity waves are damped; the
amplification of gravity waves by a precipitation front
results in the maximum wind perturbation occurring at
the time when a disturbance encounters a precipitation
front. The interaction between a precipitation front and
a moisture perturbation also offers an example of how
advection of moisture affects convection. A water vapour
perturbation corresponds here to a perturbation in one
of the three Riemann invariants – the moisture trace – in
the dry regions, and is advected by the mean barotropic
wind. Such a moisture perturbation has no effect on
the dynamics, until it encounters a precipitatian front,
at which point it generates a pair of gravity waves.
Conceptually, this illustrates the fact that, while moisture

(a)

(b)

Figure 13. As Figure 10, but for a disturbance in the moisture field.
Note the different time scale. This figure is available in colour online

at www.interscience.wiley.com/qj

evolves on a relatively slow time-scale (at least in
the dry regions) and could be used to improve long-
term weather prediction, its impact on the dynamics is
primarily concentrated in the transition zone between dry
and moist regions.

An intriguing extension of the 1D theory discussed
here is to investigate the propagation and reflection prob-
lem on an equatorial beta-plane. In this case, the linear
solutions in the dry and moist regions would include
Kelvin, Yanai and Rossby waves with the correspond-
ing propagation speeds and Rossby radius. Solutions in
the dry and moist regions would need to be matched
at the interface between the dry and moist regions. The
main difficulty is that the matching procedure must be
performed along the entire interface, and not at a sin-
gle location, as was the case in the 1D problem. The
2D Walker solution discussed in the Appendix is one
example of such a solution where a stationary front is
conveniently located along a longitude line. As for the 1D
case, one does expect disturbances to partially propagate
and transmit across the front. This implies for example
that an incident Kelvin wave might be partially reflected
as a Rossby wave when it moves from a moist to a dry
region.
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The mathematical framework for the precipitation
fronts originally presented in FMP is based on a sim-
plified version of the QTCM for which it is possible to
fully derive the dissipation of a moist available energy. In
contrast to the full QTCM, this model omits the advection
of moisture by the baroclinic wind. Including such a term
adds a quadratic nonlinearity and can induce new types
of behaviour. A particular concern is that large-scale
convergence can steepen the moisture gradient and gen-
erate a discontinuity in finite time. While such behaviour
is a common consequence of advection and is unrelated
to the convection, it makes it impossible to obtain a dis-
sipation statement for the gradient formulation, as was
done in section 2.3. The conditions that lead to an infinite
increase in the humidity gradient are rather exceptional
and not likely to correspond to an actual circulation. Fur-
thermore, the weak solutions for the precipitation fronts
should still hold as long as there is no discontinuity in the
state variables. Hence, while the detailed effects of baro-
clinic moisture advection still need to be investigated, the
existence and overall behaviour of the precipitation fronts
should not be affected.

Even though the precipitation front theory only descri-
bes the onset of precipitation in the limit of infinitely
short adjustment time, it also offers a good approxi-
mation for solutions within finite convective adjustment
time. Frierson et al. (2004) find that the propagation
speed of precipitation fronts in SQE also serves to pre-
dict the speed at which the interface between dry and
moist regions moves for finite values of the adjustment
time. Khouider and Majda (2005b) further confirm the
existence of precipitation fronts in 1D and 2D numerical
simulations. They also provide examples of nonlinear
interactions between a precipitation front and an inci-
dent gravity wave. Stechmann and Majda (2006) show
that for finite convective adjustment time, the frontal
structure occupies a finite region, whose extent depends
both on the frontal speed and the adjustment time. The
frontal velocity and the far-field difference between dry
and moist regions are however well captured by the
SQE preciptation front theory. Simulations also show that
other theoretical predictions of the precipitation fronts,
such as the location of stationary fronts and the reflec-
tion/transmission of incident waves, also occur with finite
relaxation time.

The physical interpretation of precipitation fronts also
sheds some light on the original quasi-equilibrium the-
ory. In their original argument, Arakawa and Schubert
(1974) argue that convection acts to balance destabiliza-
tion by large-scale atmospheric motions. However this
adjustment is not instantaneous, and one thus expects
that convection will be unbalanced for a short period
or small region. In the idealized model used here, these
adjustment regions are associated with the dissipation
in the moist available potential energy (10) and its first
derivative equivalent (13). The dissipative terms in these
equations are associated with horizontal fluctuations of
convective instability in the precipitation regions. In
the limit of infinitely short adjustment time, the area

where this dissipation occurs collapses onto the frontal
singularity. However, for finite adjustment times, there
is a finite dissipative boundary layer at the interface
between the dry and moist regions, as discussed in Stech-
mann and Majda (2006). This boundary layer corre-
sponds to a zone where convective instability fluctu-
ates, i.e. where convective adjustment cannot balance
destabilization from external forcing. A key aspect of
the precipitation front theory is that, while the bound-
ary layer collapses in the limit of very short dissipa-
tion time, dissipation still takes place at the interface. In
other words, right at the onset of precipitation, convec-
tion is unbalanced – even for infinitely short adjustment
time.

One may question whether precipitation fronts corre-
spond to an actual phenomenon, rather than an inter-
esting conceptual model. While this issue cannot be
answered at this point, it should be stressed here that
the precipitation front theory offers a good approxi-
mation for the behaviour of the interface between the
dry and moist regions for finite convective adjustment
times. The precipitation fronts theory emphasizes the
fact that the onset of precipitation introduces a very
strong nonlinearity in the system resulting in very com-
plex behaviour. Furthermore, given that many convection
schemes used in GCMs are based on quasi-equilibrium
concepts, the mathematical description of the precipi-
tation fronts presented here can serve as a prototype
to explain the behaviour of these more realistic mod-
els.
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Appendix: Analytic solutions with stationary
precipitation fronts

A stationary precipitation front can be made stationary
by adding a mean barotropic wind U to the governing
equations. The existence of a stationary front depends
on the magnitude of the barotropic wind, and is directly
related to the propagation speed of the fronts discussed
in section 2. In this appendix, we derive necessary
conditions for the existence of a precipitation front, and
use it to obtain the analytic solutions for an idealized
Walker circulation in one and two dimensions.

A.1. Stationary precipitation fronts

We consider here the stationary solutions for prescribed
evaporation, E, and radiation, R, rates. The equations of
motion are

−UW = ∂xT , (A.1a)

U∂xT = −c2
dW + P − R, (A.1b)

U∂xQ = c2
d�QW − P + E. (A.1c)
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It is assumed here that the evaporation and radiation are
smooth functions of x. The existence of steady solutions
requires that the average radiation balances the average
evaporation, i.e. ∫

Rdx =
∫

Edx. (A.2)

In the absence of barotropic wind (U = 0), (A.1a)
implies that the temperature is uniform in a steady
state solution ∂xT = 0. Adding (A.1b) and (A.1c) also
indicates that the vertical velocity W is as smooth as
the radiation and evaporation. Hence, in the absence of
barotropic flow, the stationary solution is as smooth as
the forcing terms E and R, i.e. there is no stationary
precipitation front.

In the presence of a barotropic flow (U �= 0), steady
solutions can exhibit precipitation fronts, even when the
radiation and evaporation fields are smooth. A neces-
sary condition for the presence of a steady front is
derived from (A.1a)–(A.1c). The precipitation rate can
be obtained from (A.1a)–(A.1b):

P = R + (c2
d − U

2
)W. (A.3)

As the precipitation vanishes in the dry region and the
radiation is smooth, the precipitation on the moist side of
the front Pm is given by

Pm = (c2
d − U

2
)(Wm − Wd), (A.4)

where the subscripts d and m refer to values evaluated at
the dry and moist sides of the boundary between dry and
moist regions. Adding (A.1c) and (A.3) yields

(c2
m − U

2
)W = −U∂xQ + E − R. (A.5)

For smooth radiation and evaporation fields, using the
fact that the humidity is uniform in the moist region
(∂xQm = 0), we get

(c2
m − U

2
)(Wm − Wd) = U∂xQd. (A.6)

Eliminating Wm − Wd between (A.4) and (A.6) yields

Pm = c2
d − U

2

c2
m − U

2 (U∂xQd). (A.7)

For a given U , the requirement that the precipitation
be positive translates into a constraint on the sign of
U∂xQd. We refer here to upwind and downwind fronts
depending on the position of the dry regions in relation
to the frontal discontinuity. For an upwind front, the
barotropic wind advects dry air into the frontal region.
This situation is characterized by a negative correlation
between the barotropic wind and water vapour gradient:
U∂xQd > 0. For a downwind front, this correlation
is negative: U∂xQd < 0. (A.7) then yields a necessary
condition for the existence of precipitation fronts:

(i) Upwind fronts can only exist for |U | ≤ cm or |U | >

cd.
(ii) Downwind fronts are present for cm < |U | < cd.

These conditions are those necessary for the existence of
a precipitation front traveling at the speed s = −U .

A.2. Walker circulation in one dimension

We consider now a steady Walker solution on a periodic
domain for a weak easterly barotropic wind −cm < U <

0. In this case, if a precipitation front is present, it
should be on the eastern (upwind) side of the precipitating
region, as the precipitation rate must vary smoothly on
the western (downwind) side of the moist region. In the
moist region, the solution of (A.1a)–(A.1c) is given by

∂xQ = 0, (A.8a)

∂xT = −UW, (A.8b)

W = E − R

c2
m − U

2 , (A.8c)

P = c2
d − U

2

c2
m − U

2 E − c2
d − c2

m

c2
m − U

2 R. (A.8d)

If the precipitation rate (A.8d) is always positive, then
the moist region extends through the entire domain in
steady state.

When the precipitation rate given by (A.8d) is negative
in some portion of the domain, there must be a dry (non-
precipitating) region. In this region, the solution is given
by

P = 0, (A.9a)

∂xT = −UW, (A.9b)

W = −R

c2
d − U

2 , (A.9c)

∂xQ = E − c2
d − c2

m

c2
d − U

2 R. (A.9d)

The issue here is to find the location of the interface
between the dry and moist regions. Here, we take
advantage of the fact that for our choice of the barotropic
wind −cm < U < 0, only a downwind front can be
present. This implies that the precipitation rate must be
smooth on the western side of the moist region. The
location xW is chosen as one where the precipitation rate
(A.8d) must vanish:

E(xW)

R(xW)
− c2

d − c2
m

c2
d − U

2 = 0. (A.10)

For xW to correspond to the western boundary of the
precipitation regions, the precipitation rate must increase
with x, i.e. d(E/R)/dx > 0. If (A.10) has only two
roots, the location of the western boundary is uniquely
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determined. (If there are more roots, some roots may not
yield a valid solution, but at least one would. In this case,
the proper solution would have to be found by trial and
error on the different roots.) The moisture field in the dry
region can be obtained by integrating (A.9d) westward:

Q(x) = Q∗ −
∫ xW

x

(
E − c2

d − c2
m

c2
d − U

2 R

)
dx. (A.11)

The location of the eastern edge of the moist regions
corresponds to the point xE where the atmosphere
becomes saturated again, i.e. where Q(xE) = 0 in (A.11).
Once xE and xW are found, the vertical velocity field
can be determined directly, and the temperature field can
be obtained by integrating (A.8b) and (A.9b). Figure 14

(a)

(b)

(c)

Figure 14. Solution for the 1D Walker circulation for U = −0.1cd

and with E0 = 0.1 (solid line), E0 = 0.2 (dashed line) and E0 = 0.4
(dash-dotted line): (a) precipitation rate P , (b) vertical velocity W , and

(c) humidity Q.

shows solutions for a forcing given by

R = 1, (A.12)

E = 1 + E0 sin
(

2πx

L

)
. (A.13)

Here, L = 40 000 km is the length of the domain.
The values of cd and cm are 45 m s−1 and 15 m s−1

respectively. The two controlling parameters for this
problem are U and E0. Here, we use a mean wind
of U = −0.1cd (4.5 m s−1) with E0 values of 0.1, 0.2,
and 0.4. All solutions exhibit a stationary precipitation
front at the upwind side of the precipitation region, with
discontinuities in the precipitation and vertical velocity.
In contrast, the solution is smooth on the downwind side
of the precipitation regions.

A.3. Walker circulation on an equatorial beta-plane.

On an equatorial beta-plane, the general solution would
require a complete description of the frontal dynamics in
two dimensions, and is beyond the scope of the present
paper. Rather, solutions to the 2D Walker circulation
problem are derived from 1D solutions, and are shown
to exhibit fronts. Consider the equations of motion on an
equatorial beta-plane for a steady flow:

U∂xu1 = βyv1 + ∂xT , (A.14a)

U∂xv1 = −βyu1 + ∂yT , (A.14b)

U∂xT = c2
d(∂xu + ∂yv) + P − R, (A.14c)

U∂xQ = −�Qc2
d(∂xu + ∂yv) − P + E.(A.14d)

Here, we consider only solutions that are decaying
away from the Equator, with a structure function of the
form exp(−αy2), with α an arbitrary function. The state
variables as well as the evaporation and radiation fields
are thus of the form:

u1 = u1(x) exp(−αy2) (A.15a)

v1 = 0 (A.15b)

T = T (x) exp(−αy2) (A.15c)

Q = Q(x) exp(−αy2) (A.15d)

R = R(x) exp(−αy2) (A.15e)

E = E(x) exp(−αy2) (A.15f)

The barotropic wind U is imposed, and assumed to
be constant everywhere. We are looking for a solution
of equations (A.14a)–(A.14d) in which the meridional
velocity v vanishes. In this case, the zonal wind equation
(A.14a) is the same as for the 1D problem:

U∂xu1(x) = ∂xT (x). (A.16)

The meridional momentum budget (A.14b) becomes

βyu1(x) = −2αyT (x). (A.17)
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If the meridional structure of the solutions is such that

α = − β

2U
, (A.18)

and if there exists an x0 such that

T (x0) = u1(x0) = 0, (A.19)

then the equations for the zonal and meridional momen-
tum (A.16) and (A.17) are equivalent. (A.18) imposes the
meridional structure of the special solution of the Walker
cell, while (A.19) can always be met, as the temperature
in this problem is defined up to an additive constant.
Under these conditions, the equations are exactly the
same as the 1D Walker circulation equations, and the
steady solutions to the 1D problem can be extended to
specific solutions of the 2D Walker circulation. These
special solutions are characterized by a purely zonal flow.
For −cm < U < 0, these solutions can exhibit a station-
ary precipitation front at the eastern edge of the moist
region.
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