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ABSTRACT

Decaying trapped waves exert a drag on the large-scale flow. The two most

studied mechanisms for such decay are boundary-layer dissipation and leak-

age into the stratosphere. If the waves dissipate in the boundary layer, they

exert a drag near the surface, whereas if they leak into the stratosphere, the

drag is exerted at the level where the waves dissipate aloft. Although each

of these decay mechanisms has been studied in isolation, their relative impor-

tance has not been previously assessed.

Here we conduct numerical simulations showing that the relative strength of

these two mechanisms depends on the details of the environment supporting

the waves. During actual trapped wave events, the environment often includes

elevated inversions and strong winds aloft. Such conditions tend to favor leak-

age into the stratosphere, although boundary-layer dissipation becomes non-

negligible in cases with shorter resonant wavelengths and higher tropopause

heights. In contrast, idealized two-layer profiles with constant wind speeds

and high static stability beneath a less stable upper-troposphere support lee

waves that are much more susceptible to boundary dissipation and relatively

unaffected by the presence of a stratosphere. One reason that trapped waves

in the two-layer case do not leak much energy upwards is that the resonant

wavelength is greatly reduced in the presence of surface friction. This re-

duction in wavelength is well predicted by the linear inviscid equations if the

basic state profile is modified a posteriori to include the shallow ground-based

shear layer generated by surface friction.
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1. Introduction32

Trapped lee waves are a category of mountain wave that extend downstream of terrain, with the33

bulk of their energy contained within a lower tropospheric resonant wave duct. The distance over34

which the lee wave train extends depends upon several factors, including the roughness of the un-35

derlying surface, the efficiency with which wave energy can leak upward through the stratosphere,36

the steadiness of the flow, and the degree to which energy is removed by lateral dispersion from37

three-dimensional terrain. In this paper we will compare the relative efficiency of two possible38

dissipation mechanisms, surface friction and stratospheric leakage, which have been the subject of39

the most previous study.40

Bretherton (1969) estimated the drag produced by the turbulent absorption of lee waves, either41

in an elevated layer or at the surface. The drag from trapped lee waves can be a significant fraction42

of the total gravity wave drag, and thus has an important impact on the large-scale weather and43

climate (Durran 1995; Georgelin and Lott 2001; Broad 2002; Stiperski and Grubis̆ić 2011; Teixeira44

et al. 2012). The influence of dissipating trapped waves on the mean flow depends, in part, on the45

level at which the dissipation occurs. If trapped waves are absorbed in the boundary layer, this46

drag will be exerted at low-levels, whereas if they leak upward into the stratosphere, the drag will47

be exerted at the level at which they dissipate in the upper atmosphere.48

Recent research has shown that lee waves can be effectively absorbed by boundary-layer pro-49

cesses. Smith et al. (2002) presented observations of lee-wave absorption at a critical level in50

a stagnant layer in the lee of Mont Blanc. In the absence of a critical layer, increasing surface51

roughness has been shown to increase the rate of downstream decay of the lee-wave train (Smith52

et al. 2006; Jiang et al. 2006). These studies of the influence of surface friction did not, how-53

ever, consider environmental conditions where the lee waves could potentially leak energy upward54
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through the stratosphere. Such upward energy leakage has been observed in several field cam-55

paigns (Vergeiner 1971; Brown 1983; Shutts 1992; Georgelin and Lott 2001). Durran et al. (2015)56

(hereafter DHB15) obtained solutions to the vertical structure equation for linear partially trapped57

waves showing that upward leakage of energy through the stratosphere can be an effective mech-58

anism for the downstream decay of trapped lee waves. The rate at which energy leaked upward59

was strongly dependent on the fraction of the trapped-wave amplitude that penetrated upward to60

the tropopause. Higher rates of leakage were favored by longer resonant wavelengths and lower61

tropopause heights. Leakage was often significant in trapped-wave environments with the elevated62

inversions and strong upper tropospheric winds often found during actual atmospheric events. On63

the other hand, the importance of upward leakage was highly variable among cases where the64

stratosphere capped idealized profiles, with constant wind speed and two layers of uniform static65

stability in the troposphere.66

The aim of this paper is to compare the roles of the stratosphere and the boundary layer in67

causing downstream trapped wave decay. Section 2 outlines the numerical model used for our68

study. Profiles with uniform wind speed and two-layer tropospheric static stability structures are69

considered in Section 3. Profiles in which the waves are trapped by strong upper level winds and70

low-level stability concentrated in elevated inversions are examined in Section 4. The conclusions71

are presented in Section 5.72

2. Model description73

All simulations are performed with an updated version (meso12) of the Durran and Klemp74

(1982) mesoscale model, used recently in dry and moist mountain wave simulations (Hills and75

Durran 2012, 2014). The model is a fully nonlinear, non-hydrostatic, compressible, and three-76

dimensional; it uses a split-timestep method and terrain following coordinates. Tracer advection is77
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computed using the piecewise parabolic method and the Blossey-Durran selective limiter (Blossey78

and Durran 2008). The 2D dry simulations in this paper simplify the dynamics through use of79

the compressible Boussinesq approximation, which neglects the influence of density changes with80

height, but allows the pressure to respond to convergence or divergence in the velocity field. The81

f−plane approximation is used for those simulations that include surface friction. Expressed82

without the terrain transformed coordinates for simplicity, the model solves83

Du
Dt

+ f k×u+∇P = g
(

θ −θr

θ0

)
k−∇ ·T (1)

84

Dθ

Dt
= ∇ ·H (2)

85

∂P
∂ t

+u0
∂P
∂x

+ c2
s0

∇ ·u = 0 (3)

where86

D
Dt

=
∂

∂ t
+(u0 +u)

∂

∂x
+w

∂

∂ z
. (4)

In the above, u = (u,w) are the perturbation components of the flow about a steady background87

state (u0,0), in the (x,z) directions respectively. u0 is a steady background westerly flow, P is88

the Boussinesq pressure perturbation, g is gravity, θ is potential temperature, with θ0 = 290 K89

the constant reference value of potential temperature at the surface; cs0 is the speed of sound (30090

m s−1); k is the vertical unit vector, and when using the f-plane approximation, f is the Coriolis91

parameter (1× 10−4 s−1). The turbulent sub-gridscale fluxes of momentum T and heat H are92

parameterized following Lilly (1962).93

The planetary boundary layer is incorporated in the model by a parameterization based on Black-94

adar’s first-order-closure scheme described by Zhang and Anthes (1982) — with meso12 using a95

simplified version described in detail in Appendix B of Gaberšek and Durran (2006). Differences96

in surface friction are imposed by adjusting the roughness length (z0) between 10−4 and 10−1 m97

— representating conditions varying from an ocean surface to cropland.98

5



The horizontal grid spacing in all simulations is 250 m. The vertical coordinate is stretched to99

allow high resolution in the lower atmosphere, such that ∆z = 30 m at heights below 2 km, which100

gradually stretches to 100 m over the next 4 km and remains fixed at 100 m above 6 km to the101

model top at 25 km. At the rigid upper boundary, wave reflections are prevented using the KDB102

radiation condition (Bougeault 1983; Klemp and Durran 1983). Periodic lateral boundaries are103

used, and the five-hour simulation time is short enough to prevent any downstream disturbances104

from wrapping around the domain and affecting the incoming flow. A large step of ∆t = 2 s is105

used, with 10 small steps per large interval. All figures show results at a time of five hours.106

Terrain at the lower boundary is represented by a Witch of Agnesi profile107

h(x) =
h0

1+(x/a)2 . (5)

The ridge height h0 and half-width a vary between simulations in order to ensure a linear mountain-108

wave response; their values will be noted in each of the following sections. The vertical profiles109

of stability and cross-mountain wind speed vary significantly throughout this study, and will be110

discussed in each of the following sections. When possible, the names of the vertical profiles111

match those used in DHB15.112

3. Constant N and U113

a. Profile 1: short resonant wavelengths114

We first consider the two-layer environmental profile used by Jiang et al. (2006) to investigate the115

influence of surface friction on trapped waves. This profile (also used in Doyle and Durran (2002))116

contains a 3 km deep lower layer with N = 0.025 s−1, and N = 0.01 s−1 above this; u = 25 m s−1
117

at all levels. Fig. 1 shows the steady solution obtained from a simulation of this profile flowing118

over a mountain of the form (5) with a = 2.5 km, h0 = 200 m, with z0 = 0.1 m. In agreement with119
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the identical simulation in Jiang et al. (2006), the resonant wavelength is λ = 7.5 km, the waves120

decay rapidly with distance downstream, and have little vertical extent. DHB15 showed that in121

the inviscid case, for which the resonant wavelength is marginally longer (λ = 9.3 km), adding a122

stratosphere as a third layer beginning at z = 10 km has negligible impact on the wave amplitude123

downstream because the waves decay so rapidly with height through the upper troposphere that124

little energy reaches the stratosphere. As noted in DHB15, when the Scorer parameter is a constant125

lu in the upper troposphere layer, the e-folding scale for the vertical decay of trapped waves in that126

layer is127 [(
2π

λ

)2

− l2
u

]−1/2

, (6)

which decreases as the resonant wavelength decreases. Given that the resonant wavelength de-128

creased in Fig. 1 relative to that in the inviscid case, it is not surprising that additional simulations129

(not shown) confirm that boundary layer processes are much more effective than leakage into130

the stratosphere in producing downstream decay when the environmental conditions are given by131

Profile 1.132

b. Profile 2: long resonant wavelengths133

Ralph et al. (1997) compiled observations of 24 trapped wave events and noted their horizontal134

wavelengths ranged between 8.3 km and 28.6 km; the average horizontal wavelength was 15.8 ±135

4.5 km. The Profile-1 waves that develop in the presence of surface friction are shorter than all136

those in the Ralph et al. (1997) sample. Does stratospheric leakage become a more effective decay137

mechanism than surface friction in simple two-layer atmospheres that support longer resonant138

wavelengths? Figure 2 shows the vertical structure of the wind speed and Brunt-Väisälä frequency139

for Profile 2, in which the static stability is N = 0.016 s−1 throughout a 2.5 km deep lower layer,140

topped by a layer in which N = 0.0045 s−1. When a stratosphere is present, N increases to 0.02141
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s−1 above a height of 10 km. At all heights, u is 20 m s−1. The eigenvalue analysis in DHB15142

gives a 20.4 km resonant wavelength for Profile 2 without surface friction or a stratosphere.143

Figure 3 shows the vertical velocities and isentropes for simulations with and without strato-144

spheres, and three different surface conditions. The terrain parameters in (5) for these simulations145

are h0 = 100 m and a = 2.5 km. To facilitate their comparison, the vertical velocity in all panels146

are normalized by the maximum w within the first updraft in the lee of the terrain. Fig. 3a illus-147

trates the free-slip situation with no stratosphere. In good agreement with the linear model the148

resonant wavelength is 21.0 km. Note that in this free-slip case, the vertical extent of the waves149

is much greater than those in Profile 1 (Fig. 1). When the stratosphere is present, but there is no150

surface friction, Profile-2 waves decay gradually downstream; slightly less than half of the initial151

energy is removed 150 km downstream (Fig. 3b).152

The decay produced solely by stratospheric leakage may be compared to that generated solely153

by surface friction for cases with z0 = 0.0001 m (Fig. 3c) or z0 = 0.01 m (Fig. 3d). Much stronger154

downstream decay occurs in both of these simulations, with essentially all wave activity dissipated155

60 km downstream of the terrain when z0 = 0.01 m. Surface friction also produces a strong156

reduction in horizontal wavelength as the roughness length is increased. From approximately 21.0157

km in the free slip case, λ is almost halved to 13.0 km when z0=0.0001 m, and it further decreases158

to 10.5 km as z0 is increased to 0.01 m. As will be discussed in the Conclusions, the reduction159

in λ primarily occurs because of the reduced low-level wind speeds in the boundary layer, and160

this change is accurately captured if linear theory is applied to evaluate λ for a basic-state profile161

modified to include the surface-based shear layer. Accompanying this reduction in the horizontal162

wavelength is a similarly large reduction in the scale over which the trapped waves decay in the163

vertical.164
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The combined effects of stratospheric leakage and surface friction on the waves are shown in165

Figs. 3e,f. For both values of z0 the rate of downstream decay is essentially unchanged by the166

presence of the stratosphere. As for Profile 1, boundary layer absorption is the dominant, and167

essentially exclusive, decay mechanism for the trapped waves supported by Profile 2.168

c. Profile 2 decay rates169

Figure 4 quantifies the rate of downstream decay for simulations forced using Profile 2 with170

a range of different stratospheric stabilities and surface roughnesses. Decay is calculated as the171

decrease in wave amplitude over one horizontal wavelength, as averaged across the first 5 wave-172

lengths at z =3 km. First consider the no-stratosphere, variable-z0 simulations illustrated in Fig-173

ure 3a,c,d. The associated decay rates are read here along the left-axis. The strong increase in174

downstream decay that occurs when switching from a free-slip condition to a boundary layer is175

readily apparent. There is an approximately linear increase in the percentage rate of decay with176

ln(z0).177

The rate of downstream decay generated by upward leakage due to the stratosphere in the free-178

slip Profile 2 situation is shown by the black line in Figure 4. The form of this curve is similar179

to that obtained using linear theory in DHB15 (see their Fig. 4a), with the maximum decay of180

18% here agreeing well with the 16% in the linear model. A sharp increase in the rate of decay181

occurs across the threshold value of Ns = 0.007 s−1, and there is a decrease in the rate of decay to182

approximately 8% per wavelength at Ns = 0.03 s−1 — compared to 7% in the linear model. The183

agreement between the decay rates calculated as solutions to the eigenvalue problem in DHB15184

and the decay rates from the full numerical simulations adds confidence to our results.185

Despite the stratosphere alone being capable of producing an 18% decay rate in the free slip186

case, the stratospheric stability has essentially no influence on the decay rate for all non-zero187

9



values of z0 considered in Fig. 4.1 This somewhat unintuitive result may be better understood188

by considering the structure of the wave field in the two-layer situation, with and without surface189

friction. Compare panels (a) and (c) in Figure 3. In the free slip situation, a significant fraction190

of the total wave amplitude reaches the height of the tropopause, but with surface friction this is191

prevented and the waves decay almost entirely before penetrating halfway through the troposphere,192

and there is little signal left to leak upward through the stratosphere.193

4. Forward wind shear and elevated inversion194

a. Profile 3a195

In the atmosphere, trapped waves often occur when the wind speed increases with height196

throughout the troposphere and the low-level static stability is concentrated in an elevated inver-197

sion. Profile 3a is such a case; it is representative of the conditions observed over the intermountain198

west of the United States on 17 March 2005 — a day that was characterized by a widespread and199

long-lived trapped wave event, stretching from California to Colorado. As plotted in Fig. 5, N =200

0.003 s−1 below z = 2.5 km, there is an inversion with N = 0.025 s−1 in the layer 2.5≤ z≤ 3.0 km,201

and N = 0.01 s−1 above 3 km. Zonal wind speeds increase from 15 to 25 m s−1 and from 25 to202

50 m s−1 below and above the inversion, respectively.2 The tropopause, when present, is at z = 10203

km. The terrain for these simulations is given by (5) with h0 = 200 m and a = 2 km; the vertical204

velocity is again normalized by the maximum w within the first updraft in the lee of the terrain.205

Figure 6a shows the structure of the trapped waves supported by Profile 3a with no stratosphere206

and a free slip lower boundary. Although they have a 21.6-km resonant wavelength similar to207

1There is a slight reduction in the rate of decay with a stratosphere for the short roughness length simulations at low values of Ns although we

consider this to be an artifact of the slight reduction in amplitude in the lee of the terrain as the stratosphere is introduced (due to stronger downslope

flow pushing the first updraft further downstream), rather than being an inherent decay property.
2Profile 3a differs only from Profile 3 of DHB15 in that there is no wind shear across the elevated inversion.
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that in Fig. 3a, the strong upper tropospheric winds in Profile 3a greatly increase the vertical scale208

over which the waves decay. The influence of the stratosphere, with Ns = 0.02 s−1, is shown for209

free-slip conditions in Fig. 6b. Rapid decay of the solution is evident, with the wave train reduced210

to approximately 25% of its initial amplitude within 75 km of the terrain, and all waves removed211

by 125 km. The upstream tilt of these waves in the stratosphere is clearly visible. Simulations212

of Profile 3a with no stratosphere and with z0 = 0.0001 m or z0 = 0.01 m are shown in panels (c)213

and (d) of Fig. 6 respectively. As previously, when the surface roughness is increased, there is an214

increase in the rate of downstream decay of the wavetrain. Approximately 75% of the initial wave215

amplitude at z = 3 km has been removed 150 km downstream of the terrain (7 wavelengths) in the216

z0 = 0.01 m case, but this decay is only about half that in the free-slip case with a stratosphere217

(Fig.6b).218

In contrast to the situation with Profile 2, surface friction produces only a small reduction in the219

21.6-km wavelength of the trapped waves supported by Profile 3a. The resonant wavelength drops220

to 19.5 km when z0 = 0.0001 m and 18.5 km when z0 = 0.01 m. Consequently, the vertical extent221

of the trapped waves in Fig. 6c,d is only minimally reduced relative to the free-slip case. Because222

a significant fraction of the maximum wave amplitude remains at z = 10 km, the simulations with223

both surface friction and a stratosphere, plotted in Fig. 6e,f, show much more rapid decay than224

those with surface friction alone. The most rapid decay occurs when the stratosphere is present225

and the surface roughness is large (z0 = 0.01 m). Counterintuitively, the combination of weak226

surface friction (z0 = 0.0001 m) and a stratosphere (Fig. 6e) produces weaker decay than that from227

the stratosphere alone (Fig. 6b). Weak surface friction does not directly generate much decay228

(Fig. 6c), but relative to the free-slip case, it still shortens the horizontal wavelength and the vertical229

extent of the trapped waves, thereby reducing the leakage of energy through the stratosphere.230
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The percentage loss of wave amplitude per wavelength in the free slip case is plotted as a func-231

tion of stratospheric stability by the black line in Figure 7. For small values of Ns there is essen-232

tially no downstream decay. A rapid increase in the rate of decay occurs for stabilities beyond the233

Ns = 0.015 s−1 threshold for leakage into the stratosphere. The maximum rate of decay occurs for234

Ns = 0.023 s−1, with approximately 51% of the wave amplitude lost due to stratospheric leakage235

per wavelength downstream. Turning to the cases with surface friction, for any given value of Ns,236

increasing z0 increases the rate of downstream decay, but for 0.017≤ Ns ≤ 0.024 s−1 the free-slip237

simulations exhibit more rapid decay than those generated by all the roughness values we tested.238

The maximum rate of decay due to the stratosphere alone is approximately two times stronger239

than that due to the roughest surface alone (a 24% loss per wavelength when z0 = 0.1 m with no240

stratosphere present). For Profile 3a, the stratosphere is a significantly stronger potential source of241

downstream decay than the boundary layer.242

b. Profile 3b243

The trapped wavelengths supported by Profile 3a are toward the long end of the range of ob-244

served wavelengths in the cases compiled by Ralph et al. (1997). At least for the cases considered245

so far, waves with longer resonant wavelengths tend to decay more slowly with height and to be246

more susceptible to decay through the leakage into the stratosphere. Profile 3b allows us to exam-247

ine the behavior of waves with resonant wavelengths shorter than the 15.8 km average wavelength248

in the set compiled by Ralph et al. (1997). Figure 8 plots the vertical profiles of u and N for Profile249

3b. The tropospheric stability structure is identical to that in Profile 3a, with an elevated inversion250

in the layer 2.5 ≤ z ≤ 3.0 km. The stratospheric stability is again Ns = 0.02 s−1, but tropopause251

heights of zT = 9 and 10 km will both be investigated. The shear is reduced, relative to Profile 3a,252

such that the winds increase linearly from 15 to 20 s−1 between the surface and the bottom of the253
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inversion, and from 20 to 35 m s−1 between the top of the inversion and the tropopause (at either254

9 or 10 km). The terrain for these simulations is given by (5) with h0 = 200 m and a = 2 km; the255

vertical velocity is again normalized by the maximum w within the first updraft in the lee of the256

terrain.257

The influence of surface friction in the absence of a stratosphere is shown in Fig. 9. The resonant258

wavelength reduces from 14.2 km in the free-slip case (Fig. 9a) to 13.1 km when z0 = 0.0001 m259

(Fig. 9b), and to 12.7 km when z0 = 0.01 m (Fig. 9c). The downstream decay induced by surface260

friction is just slightly less than that produced by the same values of z0 in Profile 3a. When z0261

= 0.01 m, the waves 150 km downstream of the terrain retain approximately 30% of their initial262

amplitude, corresponding to a decay rate of 9.1% per wavelength.263

The preceding simulations were repeated with a tropopause at zT = 10 km, with Ns = 0.02 s−1
264

above. In the free-slip case, the downstream decay rate is 8.9% per wavelength, a value similar265

to that produced by solely by surface friction when z0 = 0.01 m. As was the case in Profile266

3a, the downstream decay in the presence of a stratosphere is weaker when z0 = 0.0001 m than267

in the free slip case, because the reduction in upward leakage through the stratosphere (from268

the slight reduction in resonant wavelength, and concomitant reduction in the penetration of the269

waves up to the tropopause) is more significant than the downstream decay produced directly by270

frictional losses. The most rapid downstream decay, amounting to an 11.3% loss per wavelength,271

is generated by the combined effects of stratospheric leakage and surface friction with z0 = 0.01272

m.273

DHB15 noted that the rate of upward leakage into the stratosphere is sensitive to the height of the274

tropopause. Lower tropopauses tend to produce more rapid downstream decay by allowing higher275

amplitude waves to reach the stratosphere. Fig. 11 shows the vertical velocity field for the same276

cases considered in Fig. 10, except that zT is lowered from 10 to 9 km, which increases the resonant277
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wavelength slightly to 14.5 km in the free-slip case. When zT = 9 km, the decay rate in the free278

slip case almost doubles to 17.1% per wavelength. The combined influence of the stratosphere and279

weak surface friction (z0 = 0.0001 m) produce a 16.1% decay per wavelength, which once again is280

less than the decay produced by the stratosphere alone without any surface friction. Nevertheless,281

in contrast to the situations shown in Fig. 6e and Fig. 10b, the decay does slightly exceed that in282

the corresponding free-slip case when measured as a function of the actual distance downstream283

of the crest. Increasing z0 to 0.01 m gives a decay rate of 17.4% per wavelength, but this is only284

slightly stronger than that obtained solely through stratospheric leakage.285

In summary, stratospheric leakage and the boundary-layer dissipation with z0 = 0.01 m produce286

roughly similar rates of downstream decay in the trapped waves supported by Profile 3b with287

zT = 10 km. Reducing zT to 9 km, however, makes stratospheric leakage roughly twice as effective288

as surface friction.289

5. Conclusions290

The relative importance of stratospheric leakage and boundary layer dissipation on the down-291

stream decay of trapped lee-waves was examined for four different atmospheric profiles. In the292

highly idealized Profiles 1 and 2, the windspeed is constant with height, the tropospheric stabil-293

ity has a simple two-layer structure, and stratospheric leakage had negligible influence whenever294

surface friction was present. The short 9.3-km wavelength mode supported by Profile 1 damps295

so rapidly with height throughout the upper troposphere that, even in free-slip simulations, strato-296

spheric leakage produces only minimal downstream decay. The 20.5-km resonant wavelength for297

Profile 2 is much longer, and this mode does undergo significant decay through stratospheric leak-298

age in free-slip simulations. But when even modest surface friction is present, both the resonant299
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wavelength and the vertical penetration of the waves into the upper troposphere are drastically300

reduced (to 12.9 km when z0 = 0.0001 m), and stratospheric leakage becomes unimportant.301

The situation is quite different for Profiles 3a and 3b, for which leakage into the stratosphere is302

a significant downstream decay mechanism in both the free-slip and surface-friction simulations.303

These profiles, with elevated inversions and winds that increase with height, are much more typical304

of conditions observed during trapped-lee-wave events than are Profiles 1 and 2. Stratospheric305

leakage is more important than boundary layer friction in dissipating the 21.6-km-wavelength306

waves supported by Profile 3a, whereas both effects have roughly similar influence on the 14.2-307

km waves supported by Profile 3b.308

In contrast to Profiles 1 and 2, neither the horizontal wavelengths nor the upward penetration309

of the trapped waves supported by Profiles 3a and 3b are greatly influenced by surface friction,310

although there is a slight reduction in wavelength and vertical penetration that actually reduces311

the net downstream decay in some cases with weak surface friction. In particular, in both of these312

profiles, waves decay more slowly in the presence of a stratosphere at zT = 10 km when free-slip313

conditions are replaced by a boundary layer with z0 = 0.0001 m.314

The change in the resonant wavelength generated by surface friction seems to arise primarily315

through the modification of the mean-state windspeed profile. When z0 = 0.0001 m, the mean316

surface wind speed is modified to an approximately linear shear, from 5 m s−1 at the surface to317

the unmodified background windspeed at a height of 350 m. The influence of this low-level shear318

layer on the vertical velocity profile Re(ŵ) and on the resonant wavelength λ of inviscid lee waves319

supported by Profiles 2 and 3a, as computed using the linear eigenvalue solver in DHB15, is shown320

in Fig. 12. The differences in the resonant wavelengths obtained using the numerical model and321

the values from linear theory (noted in Fig. 12) are never greater than 4%. The low-level wind322

shear reduces λ to 63% of that for the unmodified Profile 2. This reduction is facilitated by the323
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large near-surface value of the static stability (N = 0.016 s−1), which allows the modal structure324

to change rapidly where the near-surface winds are weak and substantially lowers the level of325

maximum w. In contrast, the low-level stability in Profile 3a is much weaker (N = 0.003 s−1).326

When the friction-induced shear layer is present, the level of maximum vertical velocity remains327

within the inversion layer, and the resonant wavelength is only reduced to 93.5% of that for the328

unmodified profile.329

The effectiveness of surface friction and stratospheric leakage in producing downstream decay330

in trapped lee waves clearly depends on the details of the atmospheric structure. Our results331

suggest that stratospheric leakage will be relatively more important for waves trapped by forward332

wind shear in profiles where the low-level stability is concentrated in an elevated inversion, than333

it would be for waves trapped only by stability changes in simple two-layer atmospheres with334

constant wind speeds. Nevertheless, the actual behavior in any given situation will depend on the335

details of the atmospheric structure. As emphasized in DHB15 and confirmed here for Profile336

3b, the height of the tropopause is one important factor modulating stratospheric leakage, with337

1-km reductions in its elevation having the potential to greatly increase the downstream decay (c.f.338

Figs. 10 and 11).339

Understanding the roles of surface friction and stratospheric leakage in the decay of trapped340

waves is important for understanding the momentum budget of the atmosphere. When waves leak341

into the stratosphere, they exert a drag on the larger scale flow in the elevated region in which342

they ultimately decay. In contrast, when waves decay through the influence of surface friction this343

drag is exerted very near the surface. To obtain a complete understanding of the drag produced344

by trapped waves on the large-scale flow, it is also necessary to consider other decay mechanisms345

which are beyond the scope of this paper, such as time-dependent changes in the background flow346

(Hills and Durran 2012) and three-dimensional dispersion from a horizontally compact source.347
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FIG. 1. Cross section of the vertical velocity (color fill at 0.2 m s−1 intervals, no fill for −0.25 < w < 0.25 m

s−1), and potential temperature isentropes (black lines, 4 K interval) for Profile 1 with z0 = 0.1 m.
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FIG. 2. Environment for Profile 2: cross-mountain wind speed (red, lower axis) and Brunt-Väisälä frequency

(black upper axis). The solid/dashed lines show the no-stratosphere and stratosphere cases.
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FIG. 3. Cross section of the normalized vertical velocity (color fill, 0.1 intervals; no fill for −0.1 < w < 0.1)

and isentropes of potential temperature (black, 20 K interval) for Profile 2: (a) free slip, Ns = 0.0045 s−1; (b)

free slip, Ns = 0.02 s−1; (c) z0 = 0.0001 m, Ns = 0.0045 s−1; (d) z0 = 0.01 m, Ns = 0.0045 s−1; (e) z0 = 0.0001 m,

Ns = 0.02 s−1; (f) z0 = 0.01 m, Ns = 0.02 s−1.
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FIG. 4. Percentage loss of wave amplitude at z = 3 km per horizontal wavelength downstream using Profile

2: black, free slip; red, z0 = 0.0001 m; blue, z0 = 0.001 m; green, z0 = 0.01 m; purple, z0 = 0.1 m.
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FIG. 5. As in Fig. 2 for Profile 3a.
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FIG. 6. As in Fig. 3 for Profile 3a: (a) free slip, Ns = 0.01 s−1; (b) free slip, Ns = 0.02 s−1; (c) z0 = 0.0001 m,

Ns = 0.01 s−1; (d) z0 = 0.01 m, Ns = 0.01 s−1; (e) z0 = 0.0001 m, Ns = 0.02 s−1; (f) z0 = 0.01 m, Ns = 0.02 s−1.
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FIG. 7. Percentage loss of wave amplitude at z = 3 km per horizontal wavelength downstream using Profile

3a: black, free slip; red, z0 = 0.0001 m; blue, z0 = 0.001 m; green, z0 = 0.01 m; purple, z0 = 0.1 m.
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FIG. 8. As in Fig. 3 for Profile 3b.
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FIG. 9. Cross section of the normalized vertical velocity (color fill, 0.1 intervals; no fill for −0.1 < w < 0.1)

and isentropes of potential temperature (black, 20 K interval) for Profile 3b with no stratosphere. (a) free slip,

(b) z0 = 0.0001 m, (c) z0 = 0.01 m.
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FIG. 10. As in Fig. 9 for Profile 3b with zT = 10 km: (a) free slip, (b) z0 = 0.0001 m, (c) z0 = 0.01 m.
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FIG. 11. As in Fig. 9 for Profile 3b with zT = 9 km: (a) free slip, (b) z0 = 0.0001 m, (c) z0 = 0.01 m.
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FIG. 12. Vertical structure of the vertical velocity Re(ŵ(z)) (colored lines, shading shows [−|ŵ|, |ŵ|]) of the

trapped waves computed using the linear model in DHB15 for (a) the Profile-2 mean state, (b) the Profile-2 mean

state modified to include a sheared surface layer. Panels (c) and (d) show the same information for Profile 3a.

The resonant wavelength λ is also noted.

448

449

450

451

32


